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Abstract: We present the two-loop helicity amplitudes for the scattering of massless quarks in QCD. 
We use projector techniques to compute the coefficients of the general four-quark amplitude at up to 
two-loops in conventional dimensional regularisation and use these coefficients to derive the helicity 
amplitudes in the 't Hooft-Veltman scheme. The structure of the infrared divergences agrees with that 
predicted by Catani while expressions for the finite remainders for qq — > QQ and the processes related 
by crossing symmetry are given in terms of logarithms and polylogarithms that are real in the physical 
region. We have checked that the interference of tree and two-loop helicity amplitudes, summed over 
helicities and colours, reproduces the previous results for the finite remainders for interference of tree 
and two-loop amplitudes given in Ref. [1,2]. 
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1. Introduction 



In the past decade, QCD has become a quantitative science and comparisons of high quahty exper- 
imental data from high energy colhder experiments with QCD predictions at ncxt-to-leading order 
(NLO) in as have become the de facto standard. In such studies, the parton level predictions serve 
to provide an estimate of the uncalculatcd theoretical uncertainties via the variation in the rcnornial- 
isation (and factorisation) scale. However, there are many well established reasons why extending 
perturbative calculations to next-to-next-to-Ieading order (NNLO) is vital in reducing the theoretical 
uncertainty for the dominant 2^1 and 2^2 processes such as Drell-Yan or jet production. Most of 
the anticipated improvements are either due (a) to including the next term in the perturbation series 
or (b) to including the effect of more partons in the final state. Here, we list six of the improvements 
expected for NNLO predictions at hadron colliders and refer the reader to Ref. [3] for a more detailed 
discussion; 

1. (a) Reduction of the renormalisation scale uncertainty; 

2. (a) Reduction of the factorisation scale uncertainty; 

3. (a) Reduced power corrections; 

4. (b) Better matching between parton-level and hadron level jet algorithms; 

5. (b) Better description of the transverse momentum of the initial state; 

6. (b) Extended kinematic coverage due to enlarged phase space. 

All of these will be underpinned by a better knowledge of the parton distributions using global fits 
to NNLO observables from DIS, Drell-Yan and jet production and by a better determination of ag 
obtained from 3 jet event shape data at electron-positron colliders. Taken together, one expects that 
the theoretical uncertainty on a given observable will drop from 0(20%) at NLO to < 0(10%) at 
NNLO. 

In this paper, we focus on jet production in hadron-hadron collisions. The full NNLO prediction 
requires a knowledge of the two-loop 2^2 partonic matrix elements, as well as the one-loop 2^3 
and tree-level 2^4 amplitudes and NNLO parton distributions. Much work has been invested in 
the three-loop splitting functions [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] needed to evolve the parton 
distribution functions at this order. The available moments have been used to provide approximate 
fits in x-space and NNLO parton distributions are beginning to become available [15, 16]. The exact 
three-loop splitting functions have been eagerly anticipated and the unpolarised singlet and non- 
singlet splitting functions are now available [17, 18]. On the other hand, the tree-level six-point 
amplitudes [19, 20, 21, 22, 23, 24, 25, 26] and one-loop five point amplitudes [27, 28, 29] have been 
known for some time while the interference of tree and two-loop amplitudes [1, 2, 30, 31] and self- 
interference of the one-loop amplitudes [30, 32, 33] are also available. Subsequently, two-loop helicity 
amplitudes have been evaluated for the gluon-gluon [34, 35] and quark-gluon [36, 37] processes and 
have confirmed the earlier "squared" matrix elements.^ Here, we complete the set of two-loop QCD 

^Note that helicity amphtudes for the phenomenologically important gg — » 77 process [38], e^e~ — » 3 jets [39] and 
77 ~* 77 [40, 41] have also been computed. 
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helicity amplitudes for parton-parton scattering by studying processes involving two pairs of massless 
quarks, 

qq QQ, 

and the processes related by time reversal and crossing symmetry when q and Q are either distinct or 
identical. 

We extract the helicity amplitudes using the same method as that employed in Refs. [41, 39, 37]. 
First we write down a general tensor that describes the four quark amplitude. Because the Dirac 
algebra is infinite dimensional for non-integer d, we use a basis set of Dirac strings that are sufficient 
to describe the amplitude up to two-loops. At three-loops new structures will appear. The coefficients 
are then extracted using a set of projectors that are valid at up to two-loops. These projectors turn 
the Dirac strings into traces (which are taken in d-dimensions) and thereby reduce the problem to 
evaluating scalar integrals. The methodology of reducing these scalar integrals to master integrals 
is exactly the same as for the calculation of the spin summed two-loop matrix elements [1, 2]. By 
taking the trace in d-dimensions and keeping all Lorcntz indices in d-dimensions, we ensure that 
tensor coefficients are evaluated in conventional dimensional regularisation (CDR). We then provide 
the perturbative expansion for the one- and two-loop tensor coefficients and remove ultraviolet (UV) 
divergences at each order in as by renormalisation within the MS scheme. The infrared (IR) divergent 
structure is shown to agree with that obtained in Ref . [42] . Finally, the helicity amplitudes are obtained 
from the general tensor using standard helicity techniques and within the t'Hooft-Veltman (HV) 
scheme where the external states are four-dimensional and the internal states are kept in d = 4 — 2e- 
dimensions [43, 44]. The finite helicity amplitudes are the main new results presented in this paper 
and we give explicit analytic expressions valid for each helicity configuration and process in terms of 
logarithms and polylogarithms that are real in the physical domain. 

The paper is organised as follows. In Section 2 we introduce notation and discuss the general 
tensor structure of the four-quark amplitude at up to two-loops. We give projectors to isolate the 
various coefficients and relate the individual coefficients to the interference of amplitudes. Section 3 
shows the perturbative expansion for the tensor coefficients computed within CDR and presents an 
analysis of their UV and IR divergent structure. The coefficients are renormalised in the MS scheme to 
remove all UV divergences, while the IR poles are predicted using the results of Ref. [42]. Expressions 
for the one-loop tensor coefficients to all orders in e appear in Section 3.2 in terms of the one-loop 
bubble integral and the one-loop box integral in d = 6 — 2e. The relationship between the tensor 
coefficients and the helicity amplitudes in the HV scheme is described in Section 4. The UV and IR 
structure of the helicity amplitudes is exactly the same as for the tensor coefficients, and finite O (e'^) 
remainders are obtained by subtracting the predicted pole structure from the explicit calculation 
both at one-loop and two-loop. The main results of this paper are the finite remainders of the two- 
loop helicity amplitudes. The expressions axe rather lengthy and we present the amplitudes for the 
four-quark process in Appendix A. For completeness, the finite one-loop remainders are collected in 
Appendix B. Finally, in Section 6 we summarize our results. 
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2. Notation 

The processes that we wish to consider in detail are, 

^ qqQQ, (2.1) 
^ qqqq- (2-2) 

Because the identical quark amplitudes are obtained from the non-identical quark amplitudes by the 
exchange of the quark or antiquark momenta, we focus on the scattering of distinct quarks, 

^ qipiAi) + q{p2, A2) + Q{p3, A3) + Q{P4, A4), (2.3) 
where the quarks q and Q are taken to be massless with momenta satisfying, 

0^K + P2+P3+P4, P? = 0- (2-4) 

Physical processes are obtained by crossing particles into the initial state. The associated Mandelstam 
variables are given by 

S12 = (Pl +P2)^, S23 = {p2+P3f, Si3 = {pi+P3f, S12 + S23 + S13 = 0. (2.5) 

We work in conventional dimensional regularisation and renormalise the ultraviolet divergences in 
the MS scheme. The bare coupling oq is related to the running coupling = as(A*^) at renormalisation 
scale n, by 



where 



(2.6) 



Se = {ATrYe-'^, 7 = 0.5772 . . . = Euler constant (2.7) 

is the typical phase-space volume factor in d = 4 — 2e dimensions and //q is the mass parameter 
introduced in dimensional regularisation [45, 46, 43, 44] to maintain a dimensionless coupling in the 
bare QCD Lagrangian density. 

The first two coefficients of the QCD beta function, Po and (3i, for Np (massless) quark flavours, 

are 

^ IICa-ATrNf ^ 17CI-10CaTrNf-6CfTrNf ,^ 

PO = Q , Pi = ^ , (^-O) 

where N is the number of colours and 

N"^ - I 1 

2.1 The general tensor 

The most general tensor structure for the amplitude, for the scattering of distinct massless quarks 
at up to two loops can be written as 

6 

\M) = Y,Msi2,S23)T^i + ... (2.10) 

1=1 
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where the coefficients Aj are vectors in colour space and are functions of S12 and S23 (and imphcitly 
si3 = — S12 — S23) where Sij = {pi + Pj)^ and the six Dirac structures are 

V2 = U{pi):^3u(j)2) u{pz)i)lu{pA), 

'^3 = ^^(Pi)7/ii7/^2 7M3'"(P2) w(P3)7Mi7;i2 7M3^(P4), 

V4 = n(pi)7m/^37M3^(P2) uiPshiJ-i^ilu-suipd, 

X>5 = ^^(pi)7mi7m2 7m37m47m6^(P2) ?i(P3)7Mi7M2 7/U37M47M5"(i'4), 

X>6 = ^^(Pi)7w7M2i^37//4 7//5^(P2) w(^?3)7^i7^2;5i7^4 7^5u(p4)- (2.11) 

This tensor structure is a priori d-dimensional since the Lorentz indices are cZ-dimensional and the 
dimensionahty (and hehcity) of the external states has not yet been specified. One can in principle 
relate the strings of gamma matrices appearing in P3 to Vq to a standard set involving only Vi and 
T>2 using four-dimensional tricks. However, because these are the structures that naturally arise in 
the parity conserving interactions of QCD, we choose to use this extended set as a d-dimensional basis 
that is valid at up to two-loops. We note that the Dirac algebra is infinite dimensional for non-integer 
d and that the basis set will extend according to the order that \M) is computed. For example, at 
tree level, only Vi appears, while P2, ^3 and V4 first appear at one-loop. X>5 and Vq appear for 
the first time at two-loops while at three-loops, we will find terms (represented by -|- . . .) with seven 
gamma matrices sandwiched between the quark spinors. These more complicated structures can also 
be related to the simpler ones using four-dimensional tricks (which we choose not to do at the present 
time). 

When the quarks are identical, the general structure of the amplitude is modified, 

\M) = \M)-6,q\M), (2.12) 

where 

\M) = \M){p2^P4). (2.13) 

The minus sign is due to the exchange of identical fermions, while the momentum swap corresponds 
to exchanging S12 and S23 in the coefHcents Aj. All appropriate colour indices are also exchanged. In 
general we will multiply these additional identical fermion terms with a SqQ which is unity when the 
quarks are identical and zero otherwise. 

2.2 Projectors for the tensor coefficients 

The six coefHcients Aj may be easily extracted from a Feynman diagram calculation with two distinct 
quark flavours using projectors that act on the general tensor of Eq. (2.10) such that 

^P(A,) = A,(S12,S23). (2.14) 

spins 

The explicit forms for the projectors in d space-time dimensions are, 

" msissl^sj^id - 5)(d - 6)id -7){d- 3){d - 4) ( ^^'^^^ 
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+ si3{-9240sl^d^ - 35040si3S23(i^ + 52160s?3(i - 61120s?3 + GlGlOsl^^cP 

+ 164320si3S23d + 202496s^3 - 127205^3^^ - 182480slsd + dGOsj^d^ - 259840si3S23 
+525s|3(i'' + 2520si3S23d^)v\ 

- 10513(245^3^2 - 952si3S23(i+ 102513523^2 - 15685^3 + 2344si3523 - 264slr^d'^ 
+215^3^^ + 2565^3 - 1765?3d + 11245^3(i)Pj 

- 15{d - 6)(355^3d^ - 55513523^^ + 104 6513523^^^ - 18725^3^ + 24325^3 - 4545^3^2 
-60405i3523(i - 26885^3 + 3685^3^2 + 19285^3^ - 205?3d-^ + 111365i3523)P| 

+ Si3523(-32 05i3 + 15523^^ " 110523^ + 22 4523 + 605i3d)pJ 

- 5(-1025^3d + 155^3^2 - 1048513523 + 1685^3 + 885^3^ - 1285^3 - 27513523^2 
+ 32 6513523^ - 125?3d2)pt 

+ 30(2l5i3d^ - 375i3523(i^ + 6725i3523(i2 - 11045^3^ + 13605^3 - 2565^3^2 - 3868513523^ 

-1344s|3 + 244s?3c/2 + lOSeslgd - 165^30?^ + 7328si3S23)X'l ) , 



32sf3523522(d - 5)(d - 7)(d - 3)(d - 4) V 

- Si3(35si30?2 - 55513523^^ + 10465i3523C?2 - 18725^3^ + 24325^3 - 4545^3^2 
-6040si3523C? - 26885I3 + 3685^3^2 + 19285^3^ - 205^3^2 + 11136513523)^1 

+ 2si3(-25?3d2 - 9513523^2 + 142si3S23Ci - 448si3S23 + 75^3^2 + 136s|3 - 485^3 

+285?3d - 625^3d)X'| 

+ (-3405^3^^ + 110085^3 - 740si3S230?^ + 44032513523 - 2605^3^2 - 4144513^ + 3712s|3 
+155^30?'^ + 28525^3^2 - 28864si3S23d + 16045^3^2 + 6944si3S23c/2 - 99685^3^ 

+305i3523Ci^ + 155^3C?^)P| 

- Sl3S23(125i3 + 523Ci - 4S23 - •Sl3C^)^5 

+ (-esiad + 245?3 + 2513523^^ - 40513523^ - 145^3^ + sl^d^ + 85I5 + S^3d2 + 1925i3523)2?| 

- 2(5s?3d3 + 55i3d^ + 10513523^^ - 240si3S23C?2 - 1005^3^2 - 665^3(^2 + 5805^3^ 



~ 485i3S^3S?2(d - 5)(d - 6)(d - 7){d - 3)(cZ - 4) V 

- 513(245^3^2 - 95 2513523^ + 102513523^2 - ISGSslg + 23445i3S23 - 26 4523 ^2 

+21si3d^ + 2565?3 - 176s?3d+ 11245^3d)P| 

+ 2513(20513523^ + 122513 + ^^sl^d - 85^3 + 6513^2 - 53513^ - 805i3523)2?3 
+ 3{d - 6) (-25^3^2 - 9513523^^ + 1425i3523C/ - 448si3523 + 75^3^2 + 1365^3 

-48s?3 + 285^3^ - 62sl3d)vl 

- Si3S23{s23d - 4S23 + 2si3)X)| 

+ (-205^3 - 7si3523Ci + ^sl^d + 45?3 - 25^3^ + 44si3523)2^6 

- 6(-25?3d2 - 8513523^2 + 105513523^ - 298si3523 + 6513^2 + 122S23 




+1832si3523ci + 196si3d - 208si3 - 8OO5' 
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1 



X 



16^13^23^12 - 5)(d - 6)(d - 7)(d - 3)(d - 4) V 
+ si3(21s^3(i^ - 37si3S23(i^ + 672si3S23d^ - 1104s?3d + 1360s?3 - 256s|3d^ 
-3868si3S23d - 1344s^3 + 2445^3^^ + 1036sl^d - Wsj^d^ + 7328s 13 S23)2:'i 

- 2si3(-2si3d^ - 8si3S23d^ + 105si3S23(i - 298si3S23 + Qsl^d^ + 1225^3 - 32Si3 
+20s?3d - 53sl3d)vl 

- {d- 6) (55^3^3 + 55^3(^3 + 10si3S23rf^ - 240si3S23d^ - lOOsj^d'^ - 565^3^2 + 580s?3d 
+1832si3S23d + 196s|3d - 2085^3 - SOOsj^ - 4224si3S23)I'| 

+ Sl3S23(-'Sl3C^ - 4S23 + ^23^ + 8si3)P| 

- (16s?3 + 144si3S23 - 36si3S23C^ + 2si3S23d^ - lOsj^d - Gsigd + 8s|3 + sl^d^ + sl3d^)V^ 
+ 2(-186si3S23d^ + 4s?3d^ + Sbdsj^d - Gdsf^d'^ - 2976si3S23 - 468s?3 - 180si3 



~ 480si3.S23sf2(d - 5)(d - 6)(d -7){d- 3)(d - 4) V 

+ Si3(-320S13 + 15523^^ - lWS23d + 224^23 + 60si3d)vl 

- Wsi3{s23d-4S23 + 2S13)VI 

- I5{d - 6)(12S13 + S23d - 4S23 - Si3d)Vl 

+ Sl3'S23^5 

- 5(-Si3 + S23)Vl 

+ 30(-Si3d - 4S23 + S23d + 8si3)X»l ) , 



96s?3si3sf2(d -5){d- 6)(d - 7){d - 3)(d - 4) V 

- Si3(-102si3d+ IS.sl^d^ - 1048si3S23 + 168s^3 + 88s?3d - 128s?3 - 27si3S23C?^ 
+326si3S23d - 12s?30?^)P| 

+ 2si3(-20si3 - 7S13S23C^ + 5523^^ + 4s?3 - 25^3^ + 44si3S23)2^3 
+ 3{d - 6)(-6s23C^ + 24Si3 + 2si3S23Ci^ - 40si3S23Ci - Usj^d + Si30?^ + 8S23 
+slsd'^ + 192S13S23)^^| 

- Sl3S23(-Sl3 + 523)^^5 

+ (-2Si3 + «13^ + - 24si3S23 - 2s|3 + 2si3S23C^)2^6 

- 6(16s?3 + 144si3S23 - S6si3S23d + 2si3S23ci^ - lOsl^d - esl^d + 8s|3 + sl^d"^ + sl^d'^)vl 



where Vj is the complex conjugate of the Dirac structures defined in Eq. (2.11). 
2.3 Reconstruction of the matrix elements 

Starting from the tensor coefficients, the interference (or square) of the amplitude of Eq. (2.12) can 



+8si3S23d^ - 45si3d^ + 1348si3S23d + 164s|3d + 4:slr^d^)vl 
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be easily extracted and we find that, 

^(M|M) = 2sl-i\Bi{si2,S23) + SgQBi{s23,Sl2)f 
spins 

+ 24 1^2(512, S23)|' + 25gQS?2|52(s23,Sl2)|' + C»(e) (2.16) 

where the combinations of tensor coefficients Bi and B2 are 

-Bl(si2,S23) = 2yli(si2,S23) - ^23^2 (^12 , S23) + 32^3 (si2, S23) + 4si3^4(si2, S23) 

+512^5(512, S23) + 64513^6(512, S23), 
-62(512,523) = 2^l(si2,S23) + S13^2(S12,S23) + 8^3(^12,523) 

+32^5 (S12, 523) + 16S13^6(S12, S23)- (2-17) 

As mentioned earher, SqQ = 1 for identical quarks and is zero otherwise. Note that the tensor 

coefficients are in general matrices in colour space and the colour sum has still to be performed in 
evaluating, for example, AiA[. The functions Bi{s2s, S12) are obtained from Bi{si2, S23) by exchanging 
the colour indices of the antiquarks as well as p2 and p^. Additional terms of order e and due to the 
ci-dimensional nature of the Lorentz indices present in the six Dirac structures are straightforwardly 
generated. The resulting formula is, however, rather lengthy and we do not give it here. 
Note that the squared amplitude is conventionally denoted by [47, 1, 2] 



J2 {M\M) = A{S12, S23) + 5qQA{s23, S12) + 5qQB{si2, S23), 
spins 

and by inspection we see that 

v4(si2,S23) = 2s?3|5i(si2,S23)|^ + 2si3 1^2(512, S23)|^ + 0(e), 

S(S12,S23) = 2S?3 (-Bi(si2,S23)-Bl(s23,Sl2) + -Bl(s23,Sl2)-Bl(si2,S23)) +0{e). 

3. The perturbative expansion of the tensor coefficients 

The amplitude \M.) defined in Eq. (2.10) has the perturbative expansion of the form. 



(2.18) 



(2.19) 



\M) = 47rQ!s 



|M(0))+(g) 1^(1)) +(^)^ 1^,(2)) +C^(«3) 



(3.1) 



where denotes the n-loop contribution to the amplitude. Similarly, the coefficients have per- 

turbative expansions of the form 



Ai{si2,S23) = 47ra<j 



Af\si2,S23) + (^) 4'^(S12,S23) + ( Af\s u , S23) + O (a^ 



2-K 



2-kJ 



■ (3.2) 



The n-loop perturbative coefficients are vectors in colour space and can be further decomposed as, 

2 



4"^(S12,S23) = E^^4"^'''^(^12,S23), 



(3.3) 



=1 
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where 

and indices ii, . . . , ^4 denote colour labels in the fundamental representation. In evaluating the squared 
amplitudes, we will encounter the colour sum '^colours ^i^j 1 ^ j ^ 2 which is given by the matrix 
CCij where 



2 



N 

N Ar2 



(3.5) 



As in previous work, we use QGRAF [48] to generate the Feynman diagrams and then use 
MAPLE [49] and FORM [50] to manipulate the Dirac structures and perform the d-dimensional 
traces. When the projectors are applied to the individual Feynman diagrams, and the traces taken, 
we are left with a collection of two-loop scalar integrals with different topologies and powers of propa- 
gators. It is now well known (see for example [51, 52, 53] and references therein), that these integrals 
can be reduced [54] to a handful of master integrals using integration-by-parts [55, 56] and Lorentz- 
invariance [57] identities. For the process at hand - two-loop box graphs with four on-shell legs - the 
relevant master integrals [58, 59, 60, 61, 62, 63, 64, 65, 66, 67] have been calculated in the past few 
years using a wide variety of methods. 

3.1 Tree level results 

At tree level, only Af^ is non-zero, 



2s 



12 



A^[^k^l2,^23) = -^4°^'W(^12,^23). (3.6) 

Using the d-dimensional form of Eq. (2.16) together with the colour sum of Eq. (3.5) we find that the 
self-interference of the tree amplitude is given by the usual result 

2 I „2 



^(>t(0)|A^(0)) = 2(iV2 - 1) f!ll±I^_^flA . (3.7) 

\ '^12 / 



spins 

Similarly the interference of the identical quark amplitudes is given by 



V - = -4 i ^^"l (1 - 6) f ^ + ^ . (3.8) 

. \ ^ / \S12S23 ) 

spins ^ ' ^ ' 

3.2 One-loop results 

At one- loop, the first four Dirac structures T)\ . . . T)^ contribute and the unrenormalised coefficients 
can be expressed in terms of the one-loop box integral in d = 6 — 2e dimensions, Box^(sjj, Sj^), and 
the one-loop bubble, Bub(sij). To all orders in e = (4 — (i)/2, we find that, 

4{1),[1]. N , (-2523 + gi2) [Bub(si3) - Bub(5i2)] , [Bub(5i3) - Bub(si2)] , . 

""'^ = + ^^^^ + N^e (^-^^ 
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^ {N^-2){-2s 23 + su) [Bub(s23) - Bub(si2) 



+ 



+ 



(jV2-2)[Bub(g23)- Bub(gi2)] 

2Nsi2e 

(-18eiV2 + 9e^N^ + + 7e- 8e^ + Ae^ - 6) Bub(si2) 
4iVsi2(-3 + 2e)e 

(e - 1)Nf Bub(gi2) 
2si2(-3 + 2e) 

_ (iV^ - 2)(55i2g23 + 2gl3 + g^2)eBox6(gi2,S23) _ M^jg + gf^)^ Box^(5i2, ^13) 
4S23S12-/V 2S23S12N 

_ gl3(-2523 + gl2)Box6(gi2,Sl3) (iV^ - 2)(2gi2 + ^23) Box6(5i2, ^23) 

2s23Sl2iV 2si2Af 
.(i),[i], , 2[Bub(si3)- Bub(si2)] (iV2-2)(2s23 + si2)[Bub(s23)- Bub(si2)] 

^2 lSl2,S23j = H ^TTT 

S23'Sl2JV 2A'Si2Si3S23 

_ (jV^ - 2)e [Bub(523) - Bub(gi2)] ^ s^jN^ - 2)e^ Box6(gi2, ^23) 

2Nsi3S23 2NS13S23 
^ (A^^-2)(2523 + gl2)(gl2-g23)eBox6(gl2,523) ^ 2^136 Box^ (512 , ^13) 



+ 



2iVsi2Si3S23 S23S12-^ 
2Box6(si2,Sl3) (iV2 _2)Box6(si2,S23) 



NS23 2iVsi3 



.(1),[1]. ^ ^ B0X^(5i2,gl3) (iV^-2) B0X^(gi2,g23) 
^3 'H^12,^23) = + ^ ^ 

.(i),[i], , [Bub(si3) - Bub(si2)] {N^ - 2) [Bub(s23) - Bub(si2)] 

^4 {Sl2,S23) = TT-j 

4Nsi3S23 8A^Si3S23 

^ Box6(gi2,gi3) ^ {N^ - 2) Box6(si2, S23) 



4A^S23 8A^si3 
^ 5l2(A^^ -2)eBox6(gi2,S23) ^ gl2eB0X^(gi2,5l3) 

8iVsi3S23 4A^Sl3S23 

,(1),[2], , (iV2 + 1)(-2S23 + S12) [Bub(si3) - Bub(si2)] 

^1 (,Sl2,S23j = TT72 

4A'^Si2S23 

(A^2 + i)[Bub(si3)- Bub(si2)] 



+ 
+ 
+ 



2N^esi2 

(-2523 + S12) [Bub(s23) - Bub(5i2)] 

4:N^Si2S23 
[Bub(g23)- Bub(gi2)] 

2N'^esi2 

{-18eN^ + 9e^N^ + 6iV^ + 7e - 8e^ + Ae^ - 6) Bub(si2) 
4si2(-3 + 2e)Ar2e 

(e - 1) iVF Bub(gi2) 

2iV.si2(-3 + 2e) 

(5S12S23 + 25^3 + sl2)e Box6(si2, S23) ^ {N^ + l)(-2si3 + sL)eBox6(si2, S13) 



4A/"2si2S23 4A/'2si2S23 
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^ S13{N^ + 1)(-2S23 + gl2) Box6(gi2, ^13) ^ (2si2 + S23) Box6(si2, S23) 



AN^Si2S23 2N^Si2 

,(1),[2], , (iV2 + 1) [Bub(si3) - Bub(si2)] (2S23 + S12) [Bub(s23) - Bub(si2)] 

A2 (Sl2,S23j = 772 ^TlTTo 

N''S12S23 2N^Si2Si3S23 

_ e[Bub(.S23) - Bub(5i2)] sue"^ 60x^(512,523) 

2N^SisS23 2N^Si3S23 

(N^ + 1) Box6(si2, S13) Box6(si2, S23) 



+ 



N^S23 27V2si3 

(2S23 +gi2)(gi2 - g23)eBox^(si2,S23) _ (A^^ + l)gi3e Box'^(gi2 , S13) 

2N'^Si2Si3S23 N^Si2S23 



.(1),[2]. ^ (Ar2 + l)Box6(si2,gl3) Box6(gi2,g23) 

^3 (^12,^23) = ^^^^^2 Ym^ — 

4(1),[2], s ^ (iV2 + l)[Bub(si3)- Bub(si2)] [Bub(s23)- Bub(si2)] 
(^-'^^3)= + ^^^2^;^^ ^^^2j;^^ 

_ (iV^ + l)Box6(gi2,gl3) Box6(gi2,g23) 

8Ar2s23 8N^Si3 
Sl2eBoX^(si2,S23) _ SujN'^ + l)eB0X^(gi2,5l3) 
8N^Si3S23 8N^Si3S23 



Explicit expansions in e for the d = 4 — 2e one-loop bubble and d = 6 — 2e one-loop box graphs through 
to 0{e^) can be found, for example, in the Appendix of Ref. [30]. 

3.3 Ultraviolet renormalisation 

The renormalisation of the matrix element in the MS scheme is carried out by replacing the bare 
coupling tto with the renormalised coupling ag = as{fJ,'^), evaluated at the renormalisation scale /j? 
according to Eq. (2.6). 

We denote the i-loop contribution to the unrenormalised tensor coefficients by A^p'^^, using the 
same normalization as for the decomposition of the tensor coefficients in Eq. (3.1). The renormalised 
coefficients are then obtained as 

4°^(S12,.23)=4°^'"'^(^12,.23), 

4'^(«12,.23) = Srl4^)'"°(5i2,.23) - '"°(«12,.23), 

4(2)/ \ r,-2 4(2),un/ x 2/3o „_i . (l),un / x 
A}'{S12,S23) = A}" {S12,S23) —S^ A}" (si2, S23) 

3.4 Infrared behaviour of the tensor coefficients 

After performing ultraviolet renormalisation, the amplitudes still contain singularities which are of 
infrared origin and will be analytically cancelled by those occurring in radiative processes of the same 
order. It has become common practice to organize the infrared pole structure of the one- and two- 
loop contributions renormalised in the MS scheme in terms of the tree and renormalised one-loop 
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amplitudes multiplied by singular operators according to Catani [42]. Precisely the same procedure 
applies to the tensor coefficients. 

In particular, the infrared behaviour of the one-loop coefficients is given by 

Af\su,S23) = /('H6,Si2,S23Mf (s12,S23) + AW'''""'(s12,S23), (3.11) 

while the two-loop singularity structure is 

+Af^fi-^''isu,S23), (3.12) 
where J^^^(e, S12, S23) is given by, 

J'^^He, -512,523) = ~I^^\e,Si2,S23)I^^\e, 812,823) - ^I^^H^^ ^12, S23) 

ra-^t ^^'^(2e'^i2,S23) + l^('^(e,Si2,S23) (3.13) 



and the constant K is 



67 TT^\ „ 10, 



The implicit dependence of and H^"^^ on .S13 = — S12 — S23 has been suppressed. 

In QCD the singular I^^^ (e) operator is a matrix in colour space and is given by [42] 

^'"'w = ^r(r^E i:t.^t, (-^)" (3.15) 

where the sum runs over the pairs of external coloured particles involved in the process and the singular 
function is 

As usual, the colour charge algebra is defined as 



Tj-Ti if iy^j, 
T? = C,- otherwise, 



with the Casimir Ci = Cp {Ci = Ca) if parton z is a quark (gluon) and where the colour charge Tj is 
(— ^cb) ^ quark (anti-quark) and if cab for a gluon. 

For the colour basis for the four-quark process presented in Eq. (3.3), we have the following 
operator 

f 1 3 \ I ^(e,si2,S23) B{e, 812,823)^ 



/«(6,.12,.23) = -j;(^l^ + 2. 




B{€, 823,812) A(e, S23,S12) 



(3.17) 
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where 



A(e, Si2,S23) 
B{e,Sl2,S23) 



(iV2 - 1) 

iV 

S23 



S23 



1 



Sl3 



Sl2 



Sl3 



(3.18) 
(3.19) 



In Eq. (3.13) the function H^'^^ contains poles of O (l/e) and is process and renormaUsation scheme 
dependent. The specific structure of this term was not given in Ref. [42] for the general case, but in 
the case where a single qq pair is involved, H^"^^ is related to the quark electromagnetic form factor. 
Subsequent work by Sterman and Tejeda-Yeomans [68] has shown that the form factor is in fact the 
backbone of the singularity structure of multi-loop QCD amplitudes. 

The colour uncorrelated part of the H^"^^ function has now been established for all 2 ^ 2 partonic 
processes by direct Feynman diagram evaluation of two-loop matrix elements [69, 1, 2, 30, 31, 70]. More 
precisely, it was found that each external coloured leg in the partonic process contributes independently 
to the matrix element given by 



For the processes we are interested in here, 

ij(2) 



=£7 



4er(l - e) 



(2) 



(3.20) 



(3.21) 



with 



vr 

T 



6C3- 



13 , 245 

— C3 H 

2 216 



23 
48' 



-vr 



CaCf 



+ 



(3.22) 



However, H^'^^ also contains additional non-trivial colour correlations [42] which can be explored 
by calculating the hard scattering amplitude, rather than the interference of two-loop and tree ampli- 
tudes where the sum over colours causes the colour correlations to vanish. Such colour correlations 
are independent of the helicity configuration and have been identified in the two-loop hclicity ampli- 
tudes for the four gluon and the two-quark two-gluon interactions which both involve four coloured 
particles [35, 36, 37]. According to the analysis of Ref. [68] the colour-correlated contributions to H^^^ 
are due to soft gluons^ and are directly related to soft anomalous dimension matrices obtained by 
studying the evolution of colour exchange in QCD hard scattering (see [72] and references therein). 
They are therefore also independent of the type of (coloured) external particle. 

For the four-quark processes studied here, we find that the colour correlations are indeed helicity 
independent and are given by 



Sl2,S23j 



4er(l - e) 



2e 



— + - — 



S12 



S23 



2e 



Sl3 



2c 



H^2) i + h(2) (5^2,^23) 



(3.23) 



^Note that these type of colour correlations between three different partons also appeared in the analysis of higher- 
order contributions to the soft-gluon current in Ref. [71]. 
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with iJ^^) 

as given in Eq. (3.21) and 

H(^)(.i2, .23) = -4 i fa,c T«Wt^[21t^[31 In In In . (3.24) 

The structure of H(^^(si2, S23) is in complete agreement with the exphcit results found in Ref. [35, 36, 
37] and confirms that the colour correlations are independent of the external particles. Note that the 
square bracket in Eq. (3.23) is, to some extent, arbitrary and other choices may be equally valid. We 
have made this particular choice partly to match the choice made in Refs. [1, 2], but also to ensure that 
no additional finite contribution from the colour correlation term is generated when the "squared" 
matrix elements for identical quark scattering are reconstructed.^ 

Note that the matrix fabc T'^^T^^'^^T'^^^^ collects all colour weights that result from the analysis 
of triple gluon vertices connecting any three different external partons, projected into the colour basis 
given in Eq. (3.3), so that for the four-quark process. 



fabc T"[i1t''P1t^P1 = - . (3.25) 




4. Helicity amplitudes 

The helicity amplitudes |A^)aiA2A3A4 can be obtained from the general d-dimensional tensor of Eq. (2.10) 

by setting the dimensionality of the Lorentz matrices to be four and using standard four-dimonsional 
helicity techniques. This corresponds to working in the 't Hooft-Veltman scheme. We use the standard 
convention of denoting the two helicity states of a four-dimensional light-like spinor ^p(p) by. 



V'±(P) = ^(1±75)V'(P), (4.1) 



with the further notation. 



b±) = V±(p), (p±| = V±(p). (4.2) 



Particles may thus be crossed to the initial state by reversing the sign of the helicity. The basic 
quantity is the spinor product, 

{pQ) = {p-\q+), \pq] = \p+\Q-], (4.3) 

such that 

{pq)[qp] = 2p.q. (4.4) 

Fixing the helicity of the (final-state) quark q to be positive, Ai = -|- (and therefore the helicity 

of the antiquark q is negative, A2 = — ) we find that, up to a helicity dependent phase, the two 
independent helicity amplitudes are given by 

OC Si3 (5i(si2, S23) + SqQBl{s23, S12)) , 

|A^)+— + OC 523^2(512,523), (4.5) 



^Colour automatically kills the contribution from H'^-* when the quarks are distinct. 
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where the combinations of tensor coefficients Bi and B2 are defined in Eq. (2.17). In addition, when 
the quarks are identical, there is the additional helicity amplitude. 



\M)++ — DC 5gQ si2B2(s23, 512)- (4.6) 
Helicity amplitudes where the quark helicity is negative are obtained through parity, 

\M)-x,-Xs-x. = i\Mhx,XsxS- (4.7) 

The helicity amplitudes are functions of the external scales, however the dependence on S12 and S23 

(together with S13 = — S12 — S23) has been suppressed. 

By inspection, we see that "squaring" and summing over the helicities generates the interference 
of amplitudes given in Eqs. (3.7) and (3.8). Thus, the helicity amplitudes can be obtained directly 
from a Feynman diagram calculation by projecting out the individual tensor coefficients and taking 
the appropriate linear combination. 

Just as for the individual tensor coefficients, the helicity amplitudes can be perturbatively decom- 
posed as. 



|A4)aiA2A3A4 

|A4(°))a,a.A3A4 + (g) I-M('))a,a.A3A4 + (g)' \M('^)x,XM + 0{al 



47ra, 



(4.8) 



As in Eq. (3.10) the renormalised helicity amplitudes are obtained from the unrenormalised amplitudes 

by 

\M^'^)x,x,XsX, = \M^'^nx,x,x,x,, 

\M^'^)x,XM = Sr'\M^'^nx,x,XsX, - ^\M^'^nx,XM, 

|M^'^)a,A.A3A4 = ^r'|A^^'^'"'^)A,A.A3A4 - ^Sr'\M^'^nx,X,XsX, 



] 1X1X2X3X4, 



(4.9) 



while the infrared singularity structure is given by. 



|A^('))aiA.A3A4 = I^'\e,su,S23)\M^''^)x,X2X3X, + |A^(')'''"*^)a,a,A3A4, (4-10) 
|A^('))ma2A3A4 = I^^He,si2,s23)\M^''^)x,XM+I^'He,si2,S23)\M^'^)x,xM 

+\M^^'>''"'''')mx2XsX„ (4.11) 

where the operators J^*^ are the process dependent matrices in colour space given in Section 3.4. 

Similarly, the n-loop helicity amplitudes are vectors in colour space and can be further decomposed 
as in Eq. (3.3), 

2 

l-M("))Aa.A3A4 = E \M^''^'^^)mxm. (4.12) 
1=1 
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4.1 Helicity amplitudes for physical processes 

The physically relevant scattering amplitudes we wish to describe are the unlike quark processes, 



q{p2, +) + q{pi, -) ^ Q(P3, A3) + Q(P4, A4), (4.13) 

q{p2, +) + Qipi, Ai) ^ q{p3, +) + Q(p4, A4), (4.14) 

q{p2,+) + Q(pi,Xi)^q{p3,+) + Q{p4,X4), (4.15) 

q{p2,+) + QipiAi) ^ QipsAs) + q{pi,+)- (4.16) 



For convenience, we denote each of the processes of Eqs. (4.13)-(4.16) as belonging to a particular 
channel (e.g. Eq. (4.13) is the s-channel and so on) where s, t and u are the usual Mandelstam 
variables, s = su > 0, t = S23 < 0, u = S13 < and s + t + u = 0. Processes where the initial state 
quark has negative helicity are obtained by a parity transformation, while processes with q{p2) in the 
initial state are obtained by charge conjugation. Note that the t'-channel amplitudes can be obtained 
by exchanging 1 ^ 4 in the t-channel amplitudes or by exchanging 3 ^ 4 in the u-channel amplitudes. 

To present the helicity amplitudes for the various processes, it is convenient to organise the 
amplitude where particles 1 and 2 are in the initial state in terms of a spinor factor S and the colour 
factor C so that, 

\M^J'^)x.XM = E ^cLmxsX, X ^ci X |>lW.H),^,^,3,^, (4.17) 

i 

where c (= s, t, u) denotes the channel and the sum runs over the two colour structures. Explicitly, 
we have 

The u- and t-channel colour factors are obtained by crossing symmetry, 

Cu = Csi (1^3), C^i = Csi (1^4), (4.19) 

while the t'-channel colour factor is given by, 

Ct'i = Ctiil ^ 4) = C„i(3 ^ 4). (4.20) 

We note that Cti = Cs2, Ct2 = Cgi and Cfi = Cu2, Ct'2 = Cui- 

There is considerable freedom in the definition of the helicity dependent spinor factors. For the 
s-channel, for process (4.13) we choose, 

cH _ J13](42) 

. _.MM. (4.21) 
The spinor prefactors for the other channels are also obtained by crossing symmetry, 

'511aiA3A4 = (Pl^i?3), ^S2AiA3A4 = '5S2-A4A3-A1 {Pl ^ P^)^ (4-22) 

and, 

'5l'A2A3A4A4 = 4a2AiA4A3 (P3^P4). (4.23) 
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The helicity amplitudes for the hke-quark scattering processes, 

St: q{P2,+) + q{pi,-) ^q{P3,^3) + q{P4,X4), (4.24) 

ut' : 9(P2,+) + g(pi,Ai) ^g(p3,+) + g(p4,A4), (4.25) 

are derived directly from the unlike quark amplitudes. Here we have labelled the two processes 
according to the two channels that contribute. Explicitly, we have 

= \Mi^^)+-+- - |A^S'^V-+-, (4.26) 
|Mi?)+__+= 1X1:"))+-+-, (4.27) 

1^;?)++++ = -|A^;"))++++, (4.28) 

|Al2)++++ = - |A^?V+++, (4.29) 

|A^i';))+-+= (4.30) 

\M^^h-+- = -\M^^h-+-, (4.31) 
where the minus sign is due to the exchange of identical particles. 

4.2 Tree level helicity amplitudes 

At tree-level, inserting the results for the tensor coefficients given in Section 3.1, we find the only 
non- vanishing helicity amplitudes in the s-channel are, 

|A?W'P])+-+- = |A?i"''P])+-+ = (4.32) 

The appropriate spinor factors arc obtained from Eq. (4.21) while the colour factors are given by 
Eq. (4.18). Tree helicity amplitudes for the other channels are obtained by the appropriate crossing 
symmetry. 

4.3 One-loop helicity amplitudes 

The one-loop helicity amplitudes are straightforwardly obtained by inserting the all-orders results for 
the tensor coefficients given in Section 3.2 into Eq. (4.5), expanding the one-loop bubble and box 
integrals around e = 0, and renormalising according to Eq. (4.9). Explicit expansions in e for the 
d = 4 — 2e one-loop bubble and d = 6 — 2e one-loop box graphs can be found, for example, in the 
Appendix of Ref. [30]. 

The finite remainders of the one- loop amplitudes defined through Eq. (4.10) for the distinct quark 
scattering process can be decomposed according to the number of colours and massless quark flavours, 

^^m2],finite^ ^ ^(1),[2] ^ i-^CD-M + ^C^^^^l - P^S |A?(0).[2]), (4.33) 

where /?o is defined in Eq. (2.8). For clarity, the dependence on the helicities has been suppressed. 
Explicit expressions for A, . . . ,C in the physical region, ,s = ,si2 > 0, t = S23 < and u = S13 < 0, are 
given in Appendix B. We have checked that the finite one- loop helicity amplitudes presented here are 
in agreement with those given in Ref. [73]. 
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4.4 Two-loop helicity amplitudes 

The main results of this paper are the two-loop amplitudes for processes (4.13)-(4.16). As in the 
tree and one-loop cases, the helicity amplitudes can be directly extracted from the appropriate linear 
combination, Eq. (4.5), of unrenormalised two-loop tensor coefficients obtained by direct evaluation of 
the projectors given in Section 2.2 acting on two-loop Feynman diagrams. Renormalisation is achieved 
via Eq. (4.9) and the two-loop master integrals expanded around e = 0. The finite remainder of the 
two-loop amplitudes arc defined through Eq. (4.11) and, for each process can be decomposed according 
to the number of colours and massless quark flavours, 

|jQ-(2),[l],/miteN ^ ^2^(2),[1] _^ ^(2),[1] _^ J_(-.(2),[l] 



-2/3oS |>ta),[l],/mite^ _ ^^^g ^ ^2^2-) (4.34) 



, ^ r)(2),[2] , ^e;(2),[2] , ^p(2),[2] 

-2poS |>ta)>[2],/mite^ _ (^^^g ^ ^2^2) | (0) , [2] ^ _ (4 35) 

As in the previous section, the dependence on the helicities has been suppressed. Explicit expressions 
for ^, . . . , for the various processes in the physical region, s = S12 > 0, t = S23 < and n = S13 < 0, 
are given in Appendix A. 

5. Comparison with previous results 

In recovering the square, or interference, of amplitudes in a particular channel c, the contraction of 
the n-loop colour vector \M.^"'^) with a conjugate m-loop colour vector {M.^"^^ obeys the rule 

(A^(-)|MH)= Y1 E l-^i"^)AiwjM"^>MA2A3A4 (5.1) 
helicities colours 

where |Ali"^)AiA2A3A4 contains all of the spinor and colour information for a particular helicity. Ex- 
panding the colour and spinor factors C and S, and dropping the explicit dependence on the helicities, 
we see that, 

helicities colours i,j 

= E E '^^^^ l^c"^''^')* l-^c"^'^'), (5-2) 



helicities i.j 

where the colour sum matrix OC is defined in Eq. (3.5). 

In the s-channel, the helicity dependent spinor matrices SSc = Sc^* Sc^ are given by. 




SSs+ — + = 



(5.3) 
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Similar matrices for the other hehcities are obtained by a parity transformation, while corresponding 
matrices for the u and t-channels are obtained by crossing symmetry, 

SSu = SSs{s t), SSt = SSs{s -ir^ u), (5-4) 

and 

SSf = SSu{u^t). (5.5) 

Eqs. (5.1) and (5.2) can be used to recreate the full interference of tree and two-loop amplitudes. 

However, we notice that we can immediately separate the singularities from the finite parts using 
Eq. (4.11). The finite remainder, denoted by J^f^-^^{s,t,u) in Refs. [1, 2] is thus given by, 

2Re ^ ^ OJij- 6Sy |A?(°)'W)* I^Vif '[J]'-^^"^*^). (5.6) 

helicities i,j 

Note that by using helicities, we arc implicitly treating the external particle states in 4-dimensions 
- the HV scheme. However, the singular contributions to the renormalised amplitudes defined in 
Eqs. (4.10), (4.11) are given relative to the tree amplitude and therefore any additional terms that 
would be produced in CDR are automatically removed. Treating the external states differently for both 
the n-loop and tree amplitudes does not alter the finite contribution. Direct application of Eq. (5.1) 
for the real part of the tree and two-loop interference (n = and m = 2) in the HV scheme therefore 
generates the same finite parts given in section 4.2 of Ref. [1] for unlike quark-quark scattering and in 
section 3.2 of Ref. [2] for like quark-quark scattering obtained using CDR. 

Similarly, the square of one-loop graphs is obtained using n = 1 and m = 1 in Eq. (5.1). In 
principle, the one-loop amplitude should be expanded through to 0{e^). However, as noted in [30, 
35, 74], the finite self interference only contains logarithms (up to the fourth power), but does not 
contain triple and quartic polylogs. These terms naturally arise when the 0{e) and O(e^) terms 
in the expansion of the one-loop box are multiplied by singularities from the conjugate amplitude. 
Such terms appear in the Catani pole structure, {A4^^^I^^^\A4^^'') where docs need to be 

expanded through to 0{e^). The finite parts of the renormalised one-loop self interference remaining 
after Catani's prediction for the singularities has been removed should therefore be identical to those 
obtained by summing the finite parts using Eq. (5.1). In this instance, the finite remainder denoted 
by J^l^-l^{s,t,u) in [70] is obtained from 

helicities i,j 

Unfortunately, the results of Ref. [32] are not presented in quite the same way and a direct comparison 
is more difficult. However, the coefficients of the finite remainder for the one-loop squared amplitudes 
using the Catani pole structure are presented in Ref. [74] and we have checked that one-loop square 
reconstructed from the helicity amplitudes (the HV scheme) correctly reproduces the coefficients given 
in Appendix C of Ref. [74]. 

6. Conclusions 

In this paper we have presented the analytic expressions for the one- and two-loop helicity amplitudes 
for massless quark-quark scattering qq — > QQ and those processes related by crossing symmetry. These 
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amplitudes were obtained by the construction of d-dimensional projection operators that extract the 
coefficients of the most general tensor representation for the amplitude, order by order in perturbation 
theory. Once the renormalised tensor coefficients are known, the renormalised helicity amplitudes can 
be constructed straightforwardly as a linear combination of the coefficients. 

We applied the projection operators directly to the Feynman diagrams that contribute at each 
order in a^. The projectors saturate the tensor structure of the Feynman diagram and yield a set of 
scalar integrals that can be related to a basis set of master integrals with the application of widely 
used reduction algorithms. In fact, we are using exactly the same tools as we did in [1, 2], except in 
that case, the projector was merely the conjugate tree amplitude. Because the projectors exist in d- 
dimensions, conventional dimensional regularisation is preserved and there is no ambiguity in dealing 
with 75. Once the general tensor coefficients are determined, the external particles can be treated 
in 4-dimensions (the 't Hooft-Veltman scheme) and standard helicity methods used to construct the 
helicity amplitudes. 

By summing over helicities and colours, the full interference of tree and two-loop graphs can 
be reconstructed. In previous work [1, 2], the finite part has been separated from infrared singular 
parts using the Catani formalism [42]. In this procedure, the singular operators multiply tree and 
one-loop amplitudes. Changing the scheme for the external particles therefore changes the overall 
pole contribution. However, the finite remainder left after subtracting the poles is invariant under 
changing from the conventional dimensional regularisation scheme to the 't Hooft-Veltman scheme. 
Therefore, the finite parts of the helicity amplitudes presented here precisely reproduce the finite parts 
of the interference of tree and two-loop graphs given in [1, 2]. Similarly, the finite parts of the self 
interference of one-loop amplitudes can be reconstructed purely from the finite parts of the one-loop 
helicity amplitudes. 

As in quark-gluon and gluon-gluon scattering, the presence of four coloured external particles 
gives rise to additional colour correlations proportional to 1/e. While the existence of such additional 
non-trivial colour correlations was pointed out in Ref. [42] and are expected on general grounds [68], 
the precise form of the colour structure of H^'^^ was not predicted. So far, the results for gluon-gluon 
scattering [35] and quark-gluon scattering [36, 37] as well as those for quark-quark scattering presented 
in this paper support the form given in Eqs. (3.23) and (3.24). These colour correlations vanish when 
the interference of tree and two- loop amplitudes is constructed. 

As discussed in Sec. 1, the more general goal is to produce a numerical NNLO program (similar 
to the NLO codes JETRAD [75, 76] and EKS [77, 78] that have been extensively used over the 
past decade) and to reduce the theoretical uncertainty on the jet cross section to a level that is 
competitive with the anticipated experimental measurements at the Tevatron and the LHC. Such 
a programme would naturally include the two-loop amplitudes presented here. At present there is 
intensive activity [79, 80, 81, 82, 83, 84] towards achieving this goal and thereby testing QCD at the 
few percent level. 
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Note added in proof 

After this work was completed, we became aware of a similar calculation [85] that finds complete 
agreement with the results presented here. 
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A. Finite two-loop contributions 

In this appendix we give explicit formulae the coefficients A, . . . , C for the finite two-loop amplitudes 
defined in Section 4.4 for the four quark scattering processes of Eqs. (4.13)— (4.15). 
As usual, the polylogarithms hin{w) are defined by 

/■^ dt 

Lin{w) = / —Un-i{t) forn = 2,3,4 
Jo * 

U2{w) = - / -log(l-t). (A.l) 

Jo r 

Using the standard polylogarithm identities [86], we retain the polylogarithms with arguments x, 1 — x 
and {x — l)/x, where 

t u t X 

x = — , y= = l-x, z = = -. (A.2) 

s s u x — 1 

For convenience, we also introduce the following logarithms 

x = iog(z^). r = l„g(^). S = log(^), (A.3) 
where /x is the renormalisation scale. 
A.l q{p2, +) + qipi, -) ^ Qip3, +) + Q{PA, -) 



-'^x^-'^xA 

72 36 j 

+^(iLi3(.)-lxLi.(.) + C3-|.^ + ix^-|x.^ + fx + ix3-ix^y) 

+ 1^ - i Li4(x) - ^ Li3(x) + ^ X Li2(x) - ^ TT^ U2{x) + 1 Li2(x) - ^ y Cs + 2 X Cs 

269 227 409 1 , 137 4 1 37 7 2 

+^^^+144^- 432 ^+48^ + 1440^ "S^^'^ "72^ -Q^"" +3^ ^ 

23213 1 ^3,^ 28 o 25 2 1 ^2 2 H 2^ 
+ M84+6^^+y^ -18^ -6^ +48^^^] 

(^^ - Li3(x) + i X Li2(x) + C3 + f ^ - ^ + ^ j 
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Bifl'l. = ^ \^6LU{x) - 6LU{y) + 6LU{z) -dYLhix) - ^ Us{x) - GU^iy) + ^XLh{x) 
WU2{x) + 6YU2{y) + 7C3 + 6YC3-—X + -Y^-XY^ + -XTr^+X^Y 

-1^^^ + Iy^^^ + ^X^ + ^7r^ + lxY + 3XY^ - Iytt^ - ^xA + l- Y^ 
60 2 12 9 4 6 6 J 2 t 

( 11 

+^ Y Li4(a;) - 8Li4(?/) +804(0) - 03(2;) - 7^03(2;) + 2X03(2;) + 2XLi3(?/) 

Li2(x) + X Li2(x) + ^ TT^ Li2(x) + X y Li2(x) + 7F C3 + Cs - 2 X Cs 

AxYt^ ^-X'Y +1x^1,'^ ^-Y^ --X"" --X^Y 
6 8 8 3 9 6 

16 3 3 72 9 60 y 

+ ^ - ^ Li4(a;) + 2 Li4(y) - 2 ^4(2) + X \A-i(x) + ^ Li3(x) + Y 03(0;) - 2 X Li3(y) 

9Q 4 1Q 2Q 

- Y Li3 (2/) - I X2 Li2 (a;) + - TT^ Li2 (a;) - -| X Lij (2;) - 2 X F Lis (a;) + y F Lij (?/) 

-xrLi2(.)-^rC3-iic3 + ^xC3-^x + ^x^.^-ix3r + |x.^ 
+ly^ + lxy.^-^F-l^x^ + ^x3-lx^-Ily3 + ZI^y2 + lxy3 

24 3 54 72 72 16 36 72 3 

2 41 49 5^^^ 475^^ 2 83 2 13 4 30659A 

— y^TT^ x^yn — xy^ ^ - xy — x^y^ y tt^ h — tt^ tt* h 

2 24 12 2 4 144 48 288 1296 ^ 

+-(^(-6Li3(.)-^Li2(.) + 6C3-f + 2xy-^x^-l.^-lx + iy) 

+5 I y + ^ 1^ - 5 03(2;) + 2 Li3(y) - ^ y Li2(ar) - ^ X Li2(ar) + Li2(ar) -\y lA^iy) 

+5C3 + ^y.^-^xy^-fx-^x3 + lx.^-l.^ + 2x^ + lxy) 

+ ^2 Li3(2;) - 2 Li3(2/) - ^ Li2(a;) - ^ X ^2(2;) + ^ y Lis (2;) ^\y \A2{y) ^ Cz - ^Y 

+Il_x2y-3y2--xy--x + -x2-ix3 + iy3 + ^7r2 + xy2 

9 12 36 4 4 2 36 



Cfl'^l_ = ^— [ -6Li4(a;)+6Li4(?/)-6Li4(0) + 3Li3(2;)+3yLi3(2;)-XLi3(a;)-6XLi3(y) 



+^2 Li2 {x)-2,X Li2 (:c) + ^2 Li2 (x) - 3 X y Li2 (2;) - 3 y Cs - 3 Cs + ^ Cs + ^ ^ 5^ TT^ 

_^x2y--x2 7r2-iy4-^x2 + ix3y + lx4 + xy3-ly2 7r2-?5x3 

8 24 4 2 2 6 2 24 



- 22 - 



U \ Z 12 4 4 D 

15 3 \ 3 U 

+ -X'^ H 

4 4 y 2 i 

+ ^10 Li4 (x) + 2 Li4 (y ) + 6 Li4 (^) - Lis (a;) - 3 F Lis (a;) - 3 X Lis (x) + 6 X Lis (?/) 
-8 F Lis {y)+X^ Li2 (x) + 6 X y Li2 (x) + X Lis (x) + i tt^ Lis (x) + 4 F^ Lis (j/) 

+3xyLi2(t/) + 6yc3-4XCs-f C3 + f x + ^F4-^y3_7^2^2^i^3^ 

+^^'-i^' + 2i^' + ^^^'^' + y^' + ^^^'-^^''^' + ^^'^+i^^' 

21 15 1 2 189 85 2 23 4 51l\ 



^2 / 3 9 

^ 2 Li3(x) - 6 Lis(y) + -Y Li2(x) - X Li2(x) - 3 Li2(x) + - 



(A.6) 



-\Yn' + ^XY'-9X+lx^-^Xn' + ln'-lx'-lxYj 

+l(-2Li2(x) + l.^-6 + ^x^-Ixy-^y-fx)+3|r + 

- 6 Lis (x) - 2 Lis (y) + Li2 (x) + 5 X Li2 (x) + - F Li2 (x) + — Y U2iy) + 2 (3 - -Y tt^ 

-e+-X^Y--Y^ + —XY-—X--X^ + -X^ + -'^^ 
2 2 4 4 4 6 6 

_^.^ + 7xy^ + l. 

^+-+- M \^ 9 9 6 y m2 ^18 9 9 

+ flLis(x)-lxLi2(x)-l^C3 + -X--^^r-l^X^ + lx3-l^ 
\^3 ^ ^ 3 ^ ^ 36 ^ 36 6 36 18 108 

19 2 1 2 1^ 2 25 ,\ 
+ 24^ -24^^ +3^^^ +T08^J 

\^ 9 3 J 9 







XY - 






4 








'■)) 












flx3 


1 


I 18 
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(A.9) 

= ^ ( -5Li4(x) + 8Li4(y)-8Li4(z)-iLi3(x) + 7yLi3(a;)-2XLi3(a;)-2XLi3(y) 
+^ X2 Li2(a;) + ^ X Li2(a;) - ^ tt^ Li2(a;) - X F Li2(a;) - TF Cs + ^ Cs + 2 X Cs 
6 833463 8 

+- I - 6 Li4(a;) + 6 Li4(y) - 6 Li4(-2) + 6 F Li3(a;) + 2 03(2;) + 6 Li^iy) - 2 X Li2(a;) 

-TT^ Li2 (x) - 6 r Li2(y) - 6 r C3 - 7 Cs + ^ + X F'^ - ly^ + - ^Y^ 

_J_X7r^--X^Y--XY-3XY^ + -YTr^-xA ---Y^ 
12 4 4 6 ) 2 t 

( 28 
+ I Li4(a;) - 3Li4(y) - 2Li4(^) - 2XLi3(a;) + 2y Li3(a;) + \a^{x) + — Li3(y) + 3FLi3(y) 

1 1 28 

-X Li3 (y ) - X Li2 (x) + - X2 Li2 (x) - X y Li2 (x) + Li2 (x) - - y 2 Li2 (y ) - — r Li2 (y ) 

_5^C3 + 2yc3-^C3 + ^xy.^-l^x-lx^.^-ly^ + iiy3^i673 ^ 

2 S3 -r S3 ^2 ""^ ^ 6 432 4 8 18 432 

37^ 2 385 ^. 1 ^2^^ 5 ^^2 2 23213 47 139^^ 2 13^2,^2 

— X y ^ + - x^ y — y^ x y h y-k^ — x^y^ 

48 72 8 8 5184 12 72 8 

+lx3y-l^xy + iixy3 + ^,^_i61,4^ 

12 8 12 3 1440 j 

+m |^5Li3(x) - 2Li3(y) + ^ y Li2(x) + i Li2(x) + ^ y 112(2/) - 5 C3 + 3^ Xtt^ 

_^x--y7r2-lxy + ixy2-l7r2--x2 + ix3 ) 

2 12 4 2 12 8 6^ 

+ ^ (^6Li3(x)+4Li2(x)-6C3-^Xy + ix2 + l7r^-^X-Iyj-3|y 

+ [2 Li3 (y) + I Li2 (x) + i y Li2 (x) + i y Li2 (y) - i C3 - f + ^ ^ tt^ 
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_ly7r2 + ixF2+3 2 1 19 5 2 ^ 3_j^2y_i3_ 2 

2 2 ^4 4 8 812 144 

Bf+^:!'H!_ = J |^^Li4(x)-4Li4(y)+4Li4(^)-^Li3(a;)-2yLi3(a;)+2XLi3(a;)+4XLi3(y) 

X2 Li2(a;) + ^ X Li^ix) - Li^ix) + 2 X F Li2(a;) + 2 F Cs + ^ Cs - 2 X Cs 

-^XYTr^ + -X^Y + -X^7r^ + -Y'' + —X^~-X^Y+—X^--XY'' 

3 4 3 6 36 3 48 3 

_lx3 + 2xrj -2|y2 

+ || - ^ Li4 (x) - y Li3 (x) - ^ Li3 (x) + 3 X Li3 (x) + i Li3 (y ) + 2 y Li3 (y ) - X Li3 {y) 
-2t? Li2 (a;) - ^ Li2 (a;) - X F Lis (a;) + ^ X Lia (a;) - 2 F^ Li2 (?/) - X F Lis (y) 

4rLi2(.)-xc3 + ^C3 + rc3 + ix.^ + fxF-^XF.^ + A^.K + ^y3 

25 3 2 2,29 2 30659 1 4 193 2 , 1 ^4 , 13 ^2 2 5 3^3^ 
+ 18^+8^ +36^^ "T296""8^ "Ts^^ +48^ ^ "l2^ ^ 

5 2 17^^3 1^2^2,49 125 2 7 3 241 209 A 

-3^^ -12^^ -8^ ^ +-6-^+^^ -18^ "lii'^ + 1440'^ J 

+i TT 1^4 Li3 (y ) + i Li2 (ar) + ^ X Li2 (a;) - F Lis (a;) - 3 F Lij (y) + ^ F tt^ + 1 X F 
^At./x 20,, 32 5 ,,,, 1 2 1 ,.2^ .w.. 

+- (^2L^^(-) + 2^+y^ + y + 2^^-2^'-4^ j-^i^ 

+ 1^2 Li3 [x] + Li3 (y ) + ^ Li2 (a;) - 4 F Lis (a;) - ^ X Lis (a;) - 8 F Lis (y ) + X^ F 

17,, 2 46 21 ,2 11 ..3 337 ,, . 1 3 17 2 13,.,^ 

H Ftt^ Xtt^H F^ Y-^ ^ X-X^ X"* tt^ XF 

12 9 12 4 12 72 3 36 6 

-6XF^-^f]] (A.11) 



f^l'^l- = 5 ( ^ Li4(ar) - 2 Li4(y) + 2 Li4(^) - Li3(a;) - F Li3(a;) + 2 X Li3(y) - ^ . 



+X F Li2 (a;) + X Li2 (x) - i tt^ Li2(x) + C3 + >^ C3 + 3^ + ^ X^ F - i X^ F 
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6 8 16 3 6 8 

( 7 1 
+ I - - Li4 (a;) - Li4 (?/) - 2 Li4 (0) + - Lis {x) + X Lis {x) + Y Lis (a;) + 3 F Lis {v) 

-2 X hh{y) - i TT^ Li2(a;) - J Lis (a;) - ^ X Li2(ar) - 2 X F Li2(ar) - ^ lj^^^^) 

23 7 1 4'i 

-XYU2{y)-^YC^ + iXQ^ + -Q^ + -X^'K^--Xn^--X + -XY 

-Ixyt,^ + -y^ + -x^--x^- — --y^--y^--xy-^ + -y^t,^ 

3 4 24 48 64 12 8 6 6 

— X^Y XY^ X^Y^ ^ Ftt^H Y ^ - X^ tt^H tt* 

8 4 4 12 16 8 48 120 y 

+^(^-iLis(a.) + ixLi2(a;)+3C3 + Jx2-^F7r2-^7r2 + ^XF + 3X-ix3 

12 2 I 2 t 

( ( 1 1 3 

I - Lis (a;) + 2Lis(y) - 2 ^Li2(a;) + - X Lis (a;) + Lis (a;) - -^YU2{y) + Cs 

+l-Y^--\xY-+AX-\x^ + ^Xn--\^^ + \x' + \xY^ 

+ 1^2 Lis (x) + Lis(y) - \ Li2(a;) - ^-Xl^i^ix) - ^YU^ix) - '^-YU^iy) - Cs + ^ Ftt^ 

-1x^2 15^ 1 2_ 1 ^3 1 2_ 9^y_ 5^5.2_ 19y\ 

12 2 4 2 12 12 4 2 4i 



S+-+- 1 3 i\y)^ ^ 2vy; -r sd -r 3g 24 



1^ + lxF^ 
108 6 



-llF.^^li.^-lF3 + ^X 
36 72 9 108 y 

^++ m2^i8 9 ^9 y M\^9 9 6 ^ 

+ Lis(.) - i Lis(.) - i X Li2(.) + i F Li2(.) + I Cs + ?| + 1 + i X 

9 36 9 12 72 18 36 6 6 ) 
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. / 8 ^ t 8 2 ^\ 



(A.14) 



A.2 qip2, +) + qipi, -) ^ Q(p3, -) + QiPA, +) 

= ^^X2 + ^ ^-3Li4(a;)+3Li4(y)-3Li4(z)-3XLi3(y)-i7r2Li2(x)+3XC3 

+ 1 ^ - 3 Li4 (x) + 3 Li4 (?/) - 3 Li4 (2:) - 3 Lis (a;) - 3 X Lig (y ) + 3 X Lis (a;) - ^ tt^ Lis (a;) 
+3XC3 + 3C3-^F^-^X^F2 + ^X2r-lx7r^ + l7r^ + lxF3__L^4_ly2^2' 

(29 29 1 1 7 

U4x) - — Lhix) - X Us{x) + -X Li2(ar) + -X^ U2{x) - - tt^ Li2(a;) - 

+3XC3 + ^C3-:^X-^r + -X --X --X^ +-X Y 

23213 1 . 56 n 1 , 5 o o 1 , 11 o\ 

+ + -X^Y+—X^ TT^ X^TT^ - - XYn^ + — Ytt^ 

5184 6 9 12 12 3 48 I 

+i7r[3^X + ^ I - 3Li3(2/)+3C3) + ^ [ - 3Li3(?/) + 3Li2(a;) + 3(3 + 3Xy - i tt^ J 



+ Li3(a.) +XLi2(a;) + |Li2(a;) - ic3 + f - i^TT^ + + |XF 

+ }LX^ + -X^Y-—7r^--xA] (A.16) 

3 2 144 4 y y ^ ' 

Bifl% = ^ ||4Li4(a;)-2Li4(y)+4Li4(z) + 2yLi3(a;)-yLi3(y)-Li3(y) + 5XLi3(y) 

4 3 1 73 

+ - TT^ Li2 (a;) - - X F Lia (a:) + YU2{y) - -XYU2{y) - 5X (3 + + Y (3 + ^^Y^ 

_5xy3 + iy4 1^2 2_ 59 3 1 2^2 1 4 l^y2_ 13y^2 l^y 2\ 
6 4 24 72 2 45 8 9 12 ^ 

- ^ - + ^ ( 6 Li4 (a;) - 6 Li4 (y ) + 6 Li4 (-z) + 6 Li3 (x) + 6 X Li3 (2/) + TT^ Li2 (a;) 
-6XLi2(:r)-2C3-6XC3 + ^X2y2+ly4^_^^4_^^y2_^^3 + ^^+5^^2 
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-3X^Y+lY^7r^ + \Y'-^n^ + \xY + lxY^--Y7rA 
2 4 9 4 4 12 j 

(29 
- hu{x) - 4Li4(y) + 2Ui{z) + 3XLi3(a;) + — hh{x) -2Yhh{x) + Xhh{y) 

8 H 2 29 1 

- - Lig (y ) + y Lis (y) - - X2 Li2 (x) + - TT^ Li2 - - X Li2 (x) + - X y Li2 (x) 

-'-XYUM + -YUM--YC.-'^C.--xc. + '-x-^--'^x + '^x.- 

2 ^\yi^ ^\y> 2 72 2 2 54 144 

+ iy4_l^^,._1^3^_ 869^2^ 125 ^3_1;,4_ 65^3^ 349^2.1^^3 
8 12 2 72 36 4 72 72 6 

1 ..2 2 67 ^2,. 29 5^^^ 1 ^2..2 85 ^^ 2 109,^ 455 2 
+ -y^7r^ X^Y ^ XY^ + - XY + - X^Y^ Ftt^ H Y tt^ 

8 12 24 2 4 48 54 144 

143 4 30659A 

H TT* H 

1440 1296 j 

( iP' ( 13 
+i7r I I 2 Li3 (x) + 4 Lis (?/) - Lis (a;) + - F Lis (x) - X Lis (a;) + - F Lis (y) - 4 Cs 

_ly^2^1y3_3^y^l;^y2_y2 73 \ 

6 3 4 2 9yw 

+ 1 |^6Li3(y)-6Li2(x)-6C3 + ^-yXy+lx + J.^ + y2 + gyj 

+ I^Lis (x) + 2 Lis (y ) - y Lis (x) - 2 X Li2 {x) -\y Ia^ ix) -\y Lis (y) - 2 Cs - ^ y tt^ 

+il?-y^ + iy3-i^x + 6x^-x3-x^y + l^.^-HZxy + ix.^ + iI^y 

9 6 36 36 12 3 36 , 

Cfl'^l^ = ^ ^6Li4(a;) + 6Li4(^) - 6y Lis(x) + 3XLi3(y) - 5y Lisly) + 3Lis(y) + ^ Xy Li2(x) 
-TT^ Lis(a;) + 2 y^ Lis(y) + \xY Lis(y) - 3 y Li2(y) + 5 y C3 - 3 C3 - 3 ^ C3 + 3 y^ 

+ ^^2 iy4 ly2 l^-^3_ly3_ 3^-^2_ 7y^2_ 1;^^ 2^ 

2 3 24 2 24 8 6 4 ^ 
+ 1 ^4Lis(y)-4yLi2(y)-4C3-^y7r2 + ix7r2 + 6y-Hxy2-^Xy 

+!y3^9^2_ 1^2V 3 t ^2 
4 4 6 y 2 M 

+ ^ - 2 Li4(a;) + 8 Li4(y) - 6 Li4(2) + 6 y Lis(a;) - 4 X Lis(a;) - 3 X Lis(y) - 3 y Lis(y) 
+Lis (y) - ^ X y Li2 (x) + 2 X2 Li2 (x) + ^ tt^ Lis (x) - y Lis (y ) + 2 y ^ Li2 (y ) + ^ X y Li2 (y) 
4 24 24 16 2 3 12 4 



(A.17) 
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(A.18) 



+ lx^--X^w^ + -Y^--X^--Y^n^ + -X^Y--XY^ + -XY^ 
24 6 8 4 8 4 8 6 

+i7r ^ ^ ^ - 6 Lis (a;) - 2 Lis (2/) + 3 Li2 (x) + ^ F Li2 (a;) + 3 X Li2 {x) + ^Y Lh {y) 

+2C3 + lYTr^ + lY^ + ^XY+lxY^ + ]Y^ + SY] 
3 3 4 2 4 / 

(Q 23 4 

2 Lis (a;) - 6 Lis iv) + Li2 (a;) + X Li2 (a;) + - F Li2 (a;) + y F Li2 (?/) - 2 Cs - 3 1^ tt^ 

+Q-iY^ --Y^ -—X --X^ + -X^ + -X^Y+—7r^ + —XY 
4 6 4 2 6 2 12 4 

+7XY^+'^y]] 



Dif^\= iLis(.)-ixLi2(.)-l^C3 + ^X.^-lx^F+ix3 + iix-l^-^X^ 
\^3 ^ 3 ^ 36^^ 9 6 9 12 108 36 

+ f - 5 Lisd) + J Lijto) + I ,YLi2(«) - H r L«(„) - I <, + I + 5 y ,2 

77 , 1 o 19 , 2 , 223 25 , 685 1 , 31 1 o\ 
-7i^' +3^ ''-18'^ -5^ -108'^+ 75' -162-3*^ +108^+9'' j 

(A.20) 

4+--+ = ^ (| - 3Li4(x) - i Li4(y) - 3Li4(z) + 2YU3{y) + ^ Lis(y) - 3XLis(y) - ^ tt^ Li2(a;) 
-1 y2 Li2(?/) - ^ y Li2(y) - 2y Cs + 3XC3 - ^ Cs - ^ + ^ ^l^TT^ - ^ 

+ ^ ^4 _ 37 2 1 y3 ^ ii y3 _ 1 y ^2 1 y2 2 ) 11 ^2 

180 36 2 36 36 6 2 u 
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+ 3Li4(a;) +3Li4(?/) - 3Lh{z) - 3 Lis (a;) -^^hiv) - 3XLi3(y) -^w^U2{x) 

+SXLhix) + ^YU,{y) + Cs+SXCs + Y^Y' + ^X'Y--Y^--Xn'-'-Y 

+ l^Y^ + lxY^ + l-Yn^ + \xY^ + lxY-^X^Y^-\Y^7r^ + -^n^-l-A 
12 2 2 4 2 4 4 36 30 y 

+ (2Lu{x) + ^Li4(y) -4Li4(^) + 3yLi3(a;) - ^Usix) - A X Lhix) + Y Lisiy) 
+ i Lis (2/) - 3 X Li3(y) + ^ X Li2(x) + ^77^ Li2(a;) -2XY Lhix) + X^ Lis (a;) 

-ly^Li.(,)-lyLi.(,) + 3yc34xc3-gc3-^x + lx3y-^x^.^ 

3 4 7 o 137 3 n 23213 8 , 5 . 29 , , 3 o 
-16^ +18^ + 432 ^+4^ -^n^^'^ +4^^ -24^ ^ -Tg^'^ 

72 4 8 8 3 8 36 1440 / 

+i^(^!^(^-Us{y) + lu,{x)-lYU,{y) + Cs + lY'-\Y^ + lxY-'^^Y^ 

+^^ + |(-3Lis(.) + ^Li.(.) + 3C3-f + 2xy + ^x-l.^-iy^ + ^y) 

Con 'i ^ 7 

- Lis(:c) - 2 Lis (y) + FLi2(a;) + — Lis (a;) + - YU2{y) + -(s - X^Y + —X 

-1y TT^ + XY^ - - Y^ + - Y^ + — X^ - — - — TT^ + — X + - XY + — Y]] (A.22) 
12 4 2 12 9 144 8 2 72 J J ^ ' 

Bf^'['i+ = Li4(x) - 4Li4(y) + 6Li4(z) + 5XLi3(x) - i Lis(x) - 5 F Lis(x) + 4X Lis(y) 

+ ^hh{y) -^X^hhix) +'^XU2{x)-^-K^U2{x) +^-XYU2{x) - ^yLi2(y) 

- i X F Li2 (y) - y2 Li2 (y) - 4 X Cs + ^ C3 + 5 y C3 + ^ X' - ^ X F TT^ 

49 o 47 ^ 2 7 ^2,. 21 11 3 1 ^ 2 30659 13 ^ 

H F'^ X7r^ + -F^ X^F^ XF X'^H Ftt^ X 

72 36 4 12 8 18 12 1296 6 

_'^Y^ + -X^ + 2Y^TT^--X^Y--XY^--XY'' + -X^Y^ + -Y 
36 24 4 24 4 8 18 

277 ^2 109 2 179 4A 
+ + 480^ j 

+ ^ || - 2 Li4 (x) - 2 Li4 (0) + 2 F Lis (x) + 2 F Lis (y ) - X Lis (y ) - ^ Lis (y ) - ^ X F Li2 (x) 
-F^ Li2 (y) - - X F Li2 {y) + -Y Li2 (y) - 2 F Cs + 3 C3 + X Cs - F^ - — F^ 

+ ^y3_ Ay4_ly2 2_ l^y 2 l^y2 77 2 l;^y3) + ilj^2 

72 24 24 4 8 36 6 ) 2u 



- 30 - 



+f (^-Li3(2/) + yLi,(y) + C3 + ^xy2-^xy-|y-Hy2^i7^^. 

12 36 2 / 

(/ 1 o y 1 y 1 oy o i q 

ULi3(2/) + y Li2(a;) - - FLi^lx) - -YU,{y) + - — - -X + -Y ^'^ 

11^,^2 3,^2 7,^3 347 ^ 3^2 5 . ^2,^ H 2 5 679 \ 

2 2 12 72 4 12 36 12 72 ^ 

+ ^ 1^2 Li3 (a;) + Lig (y ) - ^ Li2 {x) - X {x) -^Y [x) -^-YU^ - -\xY^ 

1,9 1 , 127 \ < 

--Y^ --XY + -Y^ -—Y\+-X 

3 4 4 18 J u 

= ^ |^-2Li4(a;)-^Li4(t/)-2Li4(^) + 2yLi3(a;)-Li3(y)-XLi3(y) + 2yLi3(y) 

+ i 7r2Li2(a;) - ^ XFLi2(a;) + FLi2(2/) -^XYU2{y)-^ Y^ U2{y) + (s + X Cs 

-2Y (3 + -Y TT^ - - Y^ + — Y^ -Y^ + — XY w'' - X^Y^ - — Y^ + - XY^ 
^^ 2 8 24 12 48 8 

+|(-|Li3to) + 2yLi.(„) + c,4x.'-|y3-3r + lr.= -5y= 

4 6 / 

+ |^Li4 (x) - ^ Li4 (y) + 2 Li4 (z) + X Lig (x) - 2 F Lig (x) - i Lig (y) + X Lig (y) + Y Lig (y) 

-TT^ Li2 (x) - i ^2 Li2 (x) + ^ X F Li2 (x) + ^ y Li2 (?/) - ^ X F Li2 (y ) - ^ y^ Li^ (y) 

+ ^lC3 + 2X<:,-YCs + lx'n'-lx'Y-^Xn' + lYn'-lxYn' + l-J^ 

-^X--X^- — + -Y^--Y^--XY^ + -Y^n^--X^Y+-XY' 
16 12 64 48 8 3 24 6 8 

+ ^ XY +- X^Y^ + -Y +- X^ + - X^ - -n^ + —7:A 
2 4 16 8 4 16 360 y 

+iTr (^Lhix) + Lhiy) - Li2(a;) - ^ y Li2(x) -XU2ix) - y Li2(y) - Cs - ^ ^tt^ 

-Ly^--XY--XY^--Y^-2y] --X 
12 4 2 4 u 
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+ (- U,{x) + 2 Lijfo) - i Li2(x) - 2 FLi2(x) - 4 y Lbfo) + Cs + ^ ^ ir'' - 5 X 

19 2 19 ,,2 1.^ 2 455 1 . 25 ^ 1 53 \ 

— H — — y H h - X H x — y-^ y 

24 36 4 108 6 108 18 108 J 

u ( I ^ 2 , 8 \ 

t \& 9 9 y 

/ 8 / 1 , , 361 7 1 .\ u /2 8\\ , 

+^-(9^^+(-3^^^(-)+108 + 18^-72'^Jn(3^nJ (^"^^^ 

Efl'^U = Li3(-) - \ ^h{y) -\xU,{x) + \YU,{y) + f^C,-\.^+^^^X + lx.^ 

_ly3_1^.^^1^3 + 19^,_J_^ 685 1 ^^,_29^,_1^^A 
18 6 9 36 36 162 6 36 3 j 

u'^ ( 2 ,^ 2 1 ..-^ 4 u / 1 ,.2 2 2 8 , A 

+ ^ --Y-K^ Y^ + -Y^ \ + - \ -Y^ ■K^ + -Y\ 

y 9 18 9yf\^6 9 9^ 

(A.26) 



A.3 g(p2, +) + Q{PU -) ^ «(P3, +) + 0(P4, -) 

= ^ ( - ^i^lx) + X Li3(x) - i X^ Li2(.) - ^ C3 - I X - I X^ + 1 

+ ;^ ^ - 3 Li4 (a;) + 2 X Lis [x) - ^ Lis (a;) + ^ X Lia (a;) - ^ X^ Lis (a;) - Cs - 2 X Ca 

+ 5^3^32^ 1 49^ 1 2^ 1^.,.^14^^^ 

12 36 9 9 30 18 4 2 9 
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+ y- LU{x) + X Lh{x) - y Lis ix) + ^X Lhix) + ^ tt^ U2 (x) -^X^ U2{x) + ^ ^ Ca 
-2^C3 + ^C3-9X --X--n --TT +-X -Y^^Xn +^XYn 

+ ^^X^Y ^ X^n^ 409 23213 31 2 ^y^Y+^WA 
+ 12^ ^"12^ " 432^+^84+12^ "6^ ^+48^'' J 

+i7r U ( 2 Li3 (x) - XU2{x) + ^U2{x) - 2Cs + lxY +^ - ^Xn^ + ^ X^ 



+ -X^ - -TT^ + —X \ 

6 6 18 y 

+ (hisix) + y Li2(a:) -XLi^ix) - 3C3 - ^ ^2 y - 1 XtT^ - 1 X2 - 1 TT^ 

+5 (^^^(^^ - i ^ Li, (X) - C3 - ^ - i X + f X + i j j (A.28) 
B^'l'i'L = - ( -5Li4(x)-10Li4(y) + 10Li4(z)-8rLi3(x)-^Li3(x)+8XLi3(x)-6Li3(y) 
+4 X Us {y) + 2XY Lh {x) + ^X Li, (x) - ^ Li, (a;) - ^ tt^ Li, {x)+6Y Li, (y) 

+C3 - 8 X C3 + 8 r Ca + 3 X y2 + 2 x^ r2 ^ - y2 _ ^ y ^2 _ 5 ^ y3 ^ 7 ^ ^2 

6 3 3 6 

35^3 10^2 343 ^ 2 37^ 47 2 23 4 3^2^^ 5 ^^4 1 
+ 18^ -y^+^^'^ -¥^+36" +36 -4^^+12^ +4^^ 

-ix3y + |x2.2) 

+4 ( -^Uiix) -8Lu{y) + 8Li4(z) + 7XLi3(x) - Liaix) - lYLhix) + 2XLi3(y) 
+X y Li2(a;) - ^ X^ Li2(a;) + X Li2(a;) - ^ tt^ Li2(a;) + 7 y Cs - 7X C3 + Cs + ^ ^ 

+l^x2.2-lx3y + l^x.^ + ly^-Hx2 + lx^_ 5^,^,2 + 23 

24 6 36 3 9 8 6 36 

( 22 11 22 3 

3 Li4 (x) - 3 X Li3 (x) + y Lis (a;) + —Liaiy) - Li, (a;) - y X Li2 (x) + - X^ U2 (x) 

+ ±Y^n^ + -Y^ + 2X^n^--X^Y-—Yn^ + 2X^+X^Y^-—X-—Y 
12 8 3 144 3 54 



89 
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,163 2 77 4,30659 71 . 71 1 , \ 

+ 16'' - 1440" +W"36^ ^) 

+m - 3 Lis (a;) -YU^ix) +^XU2{x) - y Lis (a;) - l^LisC?/) -\Cs + \y^ 

4 2 6 6 9 54 48 2 3 ^ 

+ - ( 4Li3(y) + ^ Li2(a;) - FLi2(x) + XLi2(x) - 3FLi2(y) - ^ X + i tt^ + i y 

+ \yt:^ - — --X^ -XY^ --XY -—X^ + -Xtt^\ 
6 93 2 Q 2 J 

+ ^ ^2 Lis (y ) - i y Li2 (x) + Li2 (x) + i X Li2 (a;) - ^ y Li2 (y ) - ^ ^2 + i X y 

ci^l'i'L = ^ - 4 Li4(a;) - 8 Li4(^) -AX Lisix) + 8 y LiaCx) + 8 y Li3(y) -8X Uaiy) + ^Tr^ U2{x) 

- 10 X y Li2 (x) + 2 X2 Li2 (x) - 4 y2 Li2 (y) - 2 X y Li2 (2/) + 8 X C3 - 5 y Cs - ^ Cs 

_ly4^^y2^ 9 2 17 2 ^ 2 3 3 2 2 _ 9 2_ 5 2 
24 8 2 6 3 2 2 2 

13 ,.2 ,.2 1 ....s 19 ,.2 2 189 ,, 59 2 31 4 511 9 ,. „ 

— x^Y^ - -XY^ — y^TT^ Y-\ — TT^H — 77^ + y3-8xy 

2 6 12 16 48 90 64 4 J 

e ( 

+ 6 Li4 (x) + 6 Li4 {y) - 6 Li4 (2) - 8 X Lig (x) + 3 Lis (x) + 3 y Lis (x) - 6 X Lis {y) 

-3 X y Li2(x) + 2 X^ Li2(x) - 3 X Li2(x) + 2 tt^ Li2(x) - 3 y C3 + 8 X Ca - 3 Cs - | X^ y 

8 

-^^x^TT^ + ix^y-I^XTT^-iy^-^x^ + ^x^ + ^xyTT^ + ix^ + xy^ 

24 2 12 4 212 2 3 

-iy2 7r2-3X2y2-^^A 

2 60 y 

+ - ( 12Li4(x) + 12Li4(y) - 12Li4(2) + 4Li3(x) + 6y Li3(x) - 16XLis(x) - 12 XUs{y) 
u \ 

+4 TT^ Lia (x) - 6 X y Li2 (x) - 4 X Lis (x) + 4 X^ Lia (x) + 16 X Cs + 2 Cs - 6 y Cs 

+x2y-y2 _ IIxtt^ -6X^ y2 _ ^x^tt^ -\yit'^ + ^x-' - ^x^ + sxyTr^ 

J. ^ J. ^ ^ fj ^ 

+2xy3-6X--7r2 + ix4--y4--xy + x3y--^M 

12 6 24 30 y 

+- ( 3xy--x2--y2-^7r2^ 

si 2 2 2 y 

/ ^2 / 3 9 

^ -5Lis(x)-6Li3(y)-3Li2(x)+XLi2(x) + -yLi2(x) + -yLi2(2/) 
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+5Cs + lx' + U' + ^X'-9X+lxn'-^Y7r' + ^XY'-^XY] 

+ 10 Lis (a;) - 12Li3(?/) - 4Li2(a;) +2XU2{x) + Li2(a;) + QF Li2(y) 

+10C3 + -^7r2 + 3Xy2 + 2XF + 4X2-^X-6+-X3-ly7r2 + i7r2--: 
2 4 3 2 4 4 

(K 27 
4 Lis {x)-4X Li2 (x) + 3 r Li2 (x) + 3 y Li2 (t/) + 3 Cs - 2 + 9 ^ ^ + ^ ^ 

t2 / 1 , 1 ^ 4 ,\ 

-Xn^ + -X^--X^\ 
y9 9 9 J 

+ i f2;^3_ 7 ^2_8^ 2 1 \ 

u 18 9 9 9 J 

+ (lus{x)--XLUx)--C3--X^Y--Y7r^ + —X + -XTT' + -X^ 
\^3 ^ 3 ^' 36^ 6 24 108 72 18 

25 2 37 , o 25 455 \ 

H TT^ H Y 

72 36 108 108 J 

f^(lx^-lx'-lxA 

y9 9 9 J 

uy 9 9 9 9 9 J 

( 4 2 4 9 11 223 1 

- 3 Li3(.) - 3 Li3(.) + - X Li2(x) + - y Li2(.) " ^ Ca + ^ ^ - 3 y 

+V^^ + lixy + ^y.^-!i.^ + ixy^-^y^ + ^x + ix.^-^'| 

9 9 72 24 3 18 12 3 162^ 



^i^lfl = 4 (504(2;) +8Li4(t/)-8Li4(^)-7XLi3(a;)-^Li3(a;) + 7yLi3(a;)-2XLi3(y) 

-X Y U^{x) + i ^2 Li2(a:) + U^ix) + ^ tt^ Li2(a;) - 7 F C3 + 7X C3 + ^ Cs 

-ix^F-^x^TT^ + lx^y + lxTr^-ly^, 5 4^5 2 

8 24 6 12 3 4 24 6 

24 3 3 30 y 

+ - (4Li4(x) + 10Li4(y) - 10Li4(z) +8rLi3(a;) +3Li3(x) -8XLi3(a;) + 6Li3(y) 
u \ 

-AX'Lh{y)-2XY Lij {x)-iX Lis {x) + X'^ Lis (a;) + ^77^ Lis {x)-&Y Lis (?/) + 2 C3 

+8XC3-8yC3-3Xy2_2X2F2_|y2^2^5^y^2_ 19^^2_ 5y^2_ 1^3 

6 3 12 6 2 

(29 10 
- 2 Li4 (x) + 4 Li4 (y) + Li4 (z) + X Li3 {x) - — Lig {x) - y Li3 (y) - 3 y Li3 {y) 

-2 X y Lis (x) + ^ X Lis (.t) + i x2 Lis (x) - i tt^ Lis (x) - X F Lis (y) + J y^ Lis (j/) 

D 2 D 2 

+-yLis(t/)--xc3 + 4yC3 + -C3 + — ^7r2-^y2-ixy^2_1^2 2 

^3 2 ^^ 72^^ 144 72 6 24 

+ ^1y^ + Lx^Y + ^XY-' - Ix-'Y^ + XY - l-XY^ + Iy^ + X 
18 12 12 8 72 12 8 9 

1673 ,, „ 2 109 4 23213 5 55,, o 7,. 31,. 1 ,.4\ 

H y - 2 TT^ TT^ \ X^Y -\ YlT^ + -X^ X^ - -X^\ 

432 1440 5184 12 72 9 12 8 ^ 

+Z7r 1^ - 2 Li3 {y) + \Y Lis (x) + \ Lis (a;) + ^ y Lis {y) -\x + \x^ 

+ - I - 4 Li3 (?/) + 3 Lis (x) + y Lis (x) + 3 y Lis (y) + ^ X3 + X y + ^ X TT^ - ^ X 
u \ 3 6 4 

-Iy + -X^ + XY^--Yt,^~-^^\ 
4 2 6 12 y 

(3 7 5 5Q 5 

Li3(x) - 3Li3(y) + - Lis(x) + y Lis(x) +ZYhh{y) + - (3 - - X^ - - tt^ - - y^ 

+ 12^ + |y + ly^2_ 5 ^ 2_ 3 2_ 3 ^ 2y + 3J^y_|j^ + l^y2U 

432 8 4 12 2 4 8 2 // 
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— - - Liiix) -4LU{y) + 4Li4(^) +4X03(0;) - - Li3(a;) - 2y Li3(a;) +AXUs{y) 

- ^ X2 Li2 (a;) + i X Lis {x)+2XY Lis {x) - Lis (x) - 4 X (3 + 2 F Ca + ^ Ca + ^ tt^ 

+ ly4_ 1 ;^3y_19^ 2_ 25^3 127^2 1 2 5^^ 2^2X2 y2 
6 3 36 36 36 4 3 

3 3 180 y 

+ - [ -3Li4(x) -8Li4(y)+8Li4(z)-4yLi3(x)+8XLi3(x) + |Li3(x)+8XLi3(y) 

-2 TT^ Li2(a;) - - X^ 02(0;) + 4 X F Li2(a;) - - X Li2(a;) - 8 X C3 + 4 F Cs - 3 Cs - 7^ ^ tt 



4 3 3 3 3 18 36 

_ H X F TT^ - g TT^ + TT^ + 4 X^ y2 + ^ + 1 y4 ^ 2 X 

3 36 90 9 3 j 

+ ^ 1^2X2 -4XF + 27r^ + 2y2^ 

/ 2 1 

+ I 3Li4(a:) -4Li4(y) +4Li4(^)+3XLi3(x) - - Li3(a;) - 5 F Li3(x) - -Li3(y) 

+5 X Lis (y) - 2 r Li3 (y) + 8 X F Li2 (a;) - tt^ Lis (a;) - ^ X^ Lis (x) + ^ X Lis (x) 

1 467 1 S 

+2 X F Li2(y) + 2 f2 Li2 (y) + - F Li2 (y) - 5 X C3 + ^ Cs + 5 F C3 - g ^2 TT^ - - X F TT 

-Ixtt^- — f2 + 1x2f + — xf + 1f4 + -xf3 + 15^f3 + Hx2f2 

12 18 3 72 24 4 36 8 

+?^x + 1?f-1fV^-^.^-^-1x3f-I^.^-^xf^ 

3 6 24 480 1296 4 144 12 

+ |f.^-2X^) 

Li3 ix) + 4 Li3 (y) + \ Li2 (ar) - F Li2 (a;) - ^ X Li2 (ar) - 3 F Li2 (y) - 2 C3 

-XF2-ix3-Ix2-ix7r2 + ixF--7r2 + iF7r2 + — X 1 
6 6 3 2 12 6 18 y 

+ / 3 32 

+ - 4Li3(x) +8Li3(y) - -Li2(x) - 2FLi2(x) - XLi2(x) - 6FLi2(y) - 4(3 + -5- 

,2,1^3 67 1,4,1c, A 

-2XF^--X7r2 + -F7r2--XF+— X + -7r^--X2--X3 + 2F 
3 3 2 9 6 3 J> j 

(1 25 
- 2 Li3 (x) + 3 Li3 (y ) + X Li2 (x) - 2 F Li2 (x) + - Li2 (a;) - 4 F Li2 (y ) - y X F 

+ ^X + ^x3-XF2 + ^F7r2 + |F2 + AF3 + ^7r^ + H_|^2y^2 
72 12 12 2 12 4 6 2 



Ci^lf L = 4 ( - ^ Li4(a;) - 2 Li4(2/) + 2 LU{z) + 3X Lh{x) - Us{x) - Y Lh{x) + 2X U^iy) 

+X Y U^{x) - J ^2 U^{x) + X U2{x) - ^ TT^ Li2(a;) + y C3 - 3X C3 + Cs + ^ >^ 

+ ^lx^T,^--X''Y+-Xn-' + -Y^ + 2X^--X^--XYn^--X'' 
24 6 12 12 24 6 6 

-\ XY'-' + -Y^ TT^ + X^Y^ + —T,^\ 

3 6 45 J 

+ (lU (x) + 3 Li4 (z) - 3 r Li3 (x) + 2 X Lis (a;) + 3 X Lis (y ) - 3 r Li3 (y ) + 4 X F Li2 (x) 

-- TT^ Li2(a;) - X2 Li2(a;) + | Li2(2/) + X F Li2(y) + ^ Cs - 3X Cs + - + - 

+ ^Y^n^ + lx^ -\x^Y-XY7r^ + Yn^+4XY-lxY^ + ^X^Y^ + ^Y 

48 180 64 8 4 y 

+ - ( - 5 Li4 (a;) - 4 hH{y) + 4 Li4 (^) - ^ Lis {x)-2Y Lis (a;) + 6 X Lis(x) + 4 X Us{y) 

XL \ Z 

- ^ TT^ Li2 {x) + 2XY Li2 (x) + ^ X Li2 {x) -^X^ Li2 (a;) - 6 X Cs - Cs + 2 F Cs 

F + i F^TT^ + II Xtt^ + 2X2 F^ + H x^TT^ + i Ftt^ - i X3 + 2X2 

4 3 12 12 6 6 

-^XF.2_^XF3 + 3X + 1.2__^^.^l^.^l^^_1^3^^16^4j 
+ i(-XF+1.2^iF2 + ix2) 

+t7r 1^2 Lis(a;) + 2 Lisly) - ^ X Li2(x) - ^ F Li2(a;) + Li2(a;) - ^ F Li2(y) - 2 Cs 

-ix3 + i-F7r2-^X2-lxF2-l7r2 + ixF + 4X-i-X7r2 ) 
312 8 2 6 4 -^^y 

+ - ( 4 Lis (a;) + 4 Lis (y) - X Lia (x) - F Li2 (a;) + ^ Lis (a;) - 3 F Lis (y) - 4 Cs + 3 - J X F 

+ iy_^X2-l7r2--X3-ix7r2 + -X + iF7r2-XF2 ) 
4 2 12 3 6 4 6 j 

+ ^ - Lis (x) + X Li2 (x) - F Li2 (s) - F Li2 (y) - 3 Cs + 4 X + TT^ - ^ F + i X TT^ 
-ix2F+^F7r2 + g-ixF2-3XF+jF2'j'j (A.36) 
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^XY^+^\^ ^X^+^X^Y 265 455 1 3 5 A 



+ 1 ( 2;^3_1;^2_ 8 2 2 1 \ 

M 18 9 9 9 / 

(212 1 23 1 29 

- Li3(x) + - Li3(y) - - X Li2(x) - - r Li2(y) + ^ Cs + g + ^ 

11 29 685 1 2 2 , 11 1 3 , 65 2 1 ^ 

-18^^"l2^+162-6^^ "9^^ "12^"9^ +72^^ "e^^J 

+-((4L,(.) + ix^-ixr-iix-ii) 

+ '-{-}^X-'-+'-X^\ 
u \^ 9 9 3 y 



A.4 g(p2,+) + Q(pi,+) ^g(p3,+)+0(P4,+) 
++++ 2 u 

+2 / 14 
+^ 3Li4(a;) + 3Li4(2/) -Zhu{z) - 3XLi3(a;) -iXU^iy) + - T^'^hhix) - jz^^ 

4 2 84 2 4 8^ 

+ ^ 1^3 Li4 (a;) + 3 Li4 (y ) - 3 Li4 (2) + 3 Lis (a;) - 3 X Lis {x)-2>X Lis (y) + ^ tt^ Li2 (a;) 
-3XLi2(x)-3C3-i7r2+Xy7r2 + ix4-^X2r+ix^^-ir4 

3^2y2_ ly2 2_ 1^ 2_1^4_ 1^3^.^ 

4 2 4 4 2 15 2^ 

+ I - Li4(a;) + X Lis (a;) - y Lis (a;) + y ^ Li2(a;) + ^ tt^ Li2(a;) - ^ Li2(a;) 
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^2 2 72 9 9 96 18 8 144 

1 n 11 n 7 , 9 409 23213 31 , 1 11 
+ 3^^^^ +12^^-12^ - - 432 ^ + ^+12^ -6^^+48^'^ J 

+i7r I -3-X 

V " 

+ J ^ - 3Li3(a;) - 3Li3(y) - 3Li2(a;) + ^X^ + ^X^ - 3XY -^X^Y +^7t^ + tt^^ 

1 ^3 95 71 \ 
+ -X^ -\ 1 X \ 

2 48 18 J 

+ J ( - 3 Li3(x) - 3 Li3(2/) + i X TT^ + i X3 - ^ X^ v) ) (A.40) 



r(2)J1] _ 7 < 2 

++++ 2 M 



+ ^ I - 4 Li4 (a;) - 4 Li4 + 2 LU (2:) + 3 y Li3 {x)+2X U3 (x) + U3 {x) + U3 (y) 

+Y Us (y) + 4 X Li3 (y) - X U2 {x) + X^ U2 {x)-XY (x) - i tt^ Lis (x) - Y U2 {y) 

AxY^--XYn^--Xn^+X^Y^ + -X^7r^ + -X^Y+-XY^--Yw^ 

2 12 36 8 24 2 72 

29 o 73 9 1 A S o o 73 n 37 4 1 ^ 73 n 59 o 
-36^ +18^ -6^ +8^ ^ +18^ ^m'^ +6^ +18^ -72^ 

9 6 J 

+ ^ 1^ - 2 Li4 (x) - 2 Li4 (y ) - 2 Lu {z) - 4 U3 (x) - 2 X Li3 (x) + 6 F Li3 (x) + 2 Li3 (y ) 

+2 F Li3 (y ) + 2 X Li3 (y ) - 2 X r Li2 (x) + 2 X2 Li2 (a;) + i TT^ Li2 (x) + 4 X Li2 (x) - 2 r Li2 (y ) 

+2C3--X7r2 + ly4_ 5 2 1 2^2 271 2_ 17 3^i;^2y2 65 2 
^^ 36 12 6 4 36 9 2 18 

-lx^ + lyV^ + 2xy^ + ^x-^y + H^.^ + l.^-^^xy + ^^3^ 

12 4 9 9 18 12 36 3 

3 36 9 y 

(22 11 22 3 

3 Li4 (x) - 3 X Li3 (x) + — Li3 (x) + — Li3 (y) - tt^ Li2 (a^) " y ^ ^^2 ix) + -X^ U2 (x) 

+ l^Y^7r' + lY' + 2X'7r'-^X'Y-^Y7r^ + 2X'+X^Y'-^X-^Y 
12 8 3 144 3 54 
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,163 2 77 4,30659 71 . 71 1 

+iTr(^^(^AU3ix)+AUs{y) + 2XU2 {x) + 6 Lij (a;) + 2 F Lis (y) + 4 X F + X 

Axn^ --X + -Y-2X^ + 3X^Y + -Y7r^--X^--n^ + YA 

3 4 4 3 3 6 / 

+ (^- 3Li3(x) - y Li2(x) + 3XLi2(x) - y Li2(x) - r Li2(y) - ^C3 + ^>^'-^:^ 

+ ix2y-X=^ + -X7r2 + -r7r2--X + - + -7r2-lxy2_^Xy + X2^ 
2 6 6 9 54 48 2 3 J 

+7-X 

u 

+^ 1^5 U^{x) + 5 Li3(y) +XU2{x)+Yhh{y)-^-XY + ^X^ + ^Y^+^-XY^ 

+ iF7r2-^X7r2 + ^7r2 + 3X2F-^X3jj (A.41) 

C^^li'i = ^ ^-6Li4(x)-6Li4(y)+4XLi3(x)-3Li3(x)-yLi3(x)+5yLi3(2/)-2XLi3(y) 
-3 Li3 (?/) + 3 X Li2 (a;) - 2 X F Li2 (a;) - Li2 (a;) + 3 F Lis (?/) - 2 F^ Lia (y) 

-X F Li2(2/) - ^ X2 F2 + 1 X F TT^ + 1 X TT^ + ^ X F^ + 1 X2 TT^ + ^ X2 F 

_ix3F+— F7r2-ix3 + -X2-— X4--XF3 + Ay2 2 

6 24 3 2 12 6 24 

+ 3 2 19 4 1 ^4 3 2_ 7 \ 

2 40 12 2 24 j 

+ J ^ - 12 Li4(a;) - 12 Li4 (y) - 2 F Lis (a;) + 8 X Li3 (a;) - 2 Li3 (a;) - 4 X Li3 (y) 

-2 Li3 (y) + 10 F Li3 (y) -2X2 (a;) _ 4 x F Li2 (a;) + 2 X Li2 (a;) - 4 F^ Lis (y) + 2 F Li2 (y) 
-2XFLi2(y)-3X2F2 + ixF7r2 + Ax7r2 + 5XF2 + Ax^tt^-X^F+If^ 

+ 3y2_ 1^3^3^2_ 1;^4_ 5^y3^ A5.2^2^g^_gy^5^2 

4 3 2 6 3 12 3 

19^4„7^3_9^^_1^3^_23^^A_3^^s 
20 3 4 3 12 y 2 M 

+ ^ - 4 Li4 (a;) - 8 Li4 (^) - 4 X Li3 (a;) + 8 F Li3 (a;) + 8 F Li3 (y ) - 8 X Li3 (y ) 

+ ^ TT^ Li2 (a;) - 10 X F Li2 (x) + 2 X2 Li2 (x) - 4 F^ Li2 (y) - 2 X F Li2 (y ) + 8 X C3 

-SFCa-fCa-^F^ + ^y^ + ^XF^ + ^XFTT^ + ^X^F-^X^Tr^-^XTT^ 

5.. 2 13 ^2 ..2 1 X...3 19,^2 2 189,^ 59 2 31 4 511 9 ^ o „ 

— F TT^ X^ F^ X F"* F^ TT^ F H tt^ H tt* H F'' - 8 X F 

2 2 6 12 16 48 90 64 4 j 
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+i7T \^3Us{x) + 3 Lis {y)-3XU2{x)-3YU2{y)-X7r^-^Yn^ + ^XY 

2 8 2 8 8 y 

+ - (6Li3(x) +6Li3(t/) -6XLi2(a;) -6yLi2(y) + 6Xy-2X7r2 -3Xy2 

--Y -3X^ -3Y^ -Ytt^ + -X -X^] -3-X 

4 4 J u 

(K 27 
4 Lig (a;) - 4 X Lia (a;) + 3 F Lia (x) + 3 F Liz (y) + 3 Cs - 2 + 9 X F + — F 

I 3 ^ ^ 3 ^ ^ 36^ 6 24 108 72 

5 ^3 25 2 37 ^2 25 455\ 
H X^H TT^ X^H F 

18 72 36 108 lOSy 

+iTT --U2(x) + -X^--XY-—X- — ] 
\^ 3 ^ ^ 2 3 18 12y 

2 1 1 8 1 16 8 2 2 3_ 8 2^ 

s2\^9 9 3 9 9 9 9 9 9 J 

( 4 9 4 2 11 22"^ 1 

- 3 Li3(x) - - Li3(,) + - X Li2(.) + - FLi2(.) - ^ Cs + ^ y - 3 F + 

+ iixF + ^F.^-ll.^ + ixF^-^F^ + ^X+lx.^-^'| 
9 72 24 3 18 12 3 162^ 

t f 16 2 , 7 , 11 , 16 2 , 4,4 ,2 „ 
+ - -— X + -F3--X2-— TT^H-— F--X2F+-X3 + -X7r2 + -F7r2 
s\^9 9 9 9 9 3 9 9 9 

(|L,(.,-l.^ + || + |xy-x^ + Hx) 

1^81 27 9 J 

( 13 3 

^ I 3Li4(a;) + 3Li4(y) + - Ui{z) - - hh{x) - 2FLi3(a;) - Xhh{x) - - hh{y) 

-2 F Li3(2/) - X Li3(y) + ^X U^ix) - ^ tt^ Li2(a;) - i hh^x) + i F^ Li2(y) 

+ -FLi2(y)--XFLi2(y) + — X2F--X2f2 + — XF7r2 + — X^2 -^3 
2 2 ^^^^ 12 8 12 36 9 



36 24 9 6 36 36 36 36 18 6 

6 J 2 u 

t ( 3 
+ - I 3Li4(a;) +3Li4(y) +4Li4(2:) +XLi3(a;) -4FLi3(a;) - -Li3(a;) +XLi3(y) 

Li3(y) - 4 y Li3(y) -\x'' \Jx^{x) + \x \Jx^{x) \a^{x) + ^Y^ U2{y) 

-XYU,iy) + lYU2{y) + lCs - ^X'n' + ^X'Y +^^XY -IXY' 

_95 2 19 y3_^2 Y^ + lY^-—X'' + -XY^ + -XYn^ + -XTT^-—X 
36 36 8 24 2 6 9 9 

1 , 9 22 o 11 4 1 32 49 9 5 , 83 o\ 

y2^ TT^ 7r'^ + -X^Y+—Y + — YTr^ + -X^ X^ ] 

12 9 90 6 9 36 9 36 ^ 

(29 10 
- 2Li4(a;) +4:LU{y) + Ui{z) +XU3{x) - — Lisix) - — Liaiy) -SYU3{y) 

-2 X r Li2 (x) + y X Li2 (x) + i Li2 (a;) - i 77^ Li2 (x) - X r Li2 (y ) + i U2 {y) 

10 . . 1 43 289 „ 241 9 1 9 7 9 9 

+ yl^Li.(,)--XC3+4yC3 + ^C3 + ^X.^--F^--Xy.^--XV^ 

+ llY^ + -X^Y+-XY^--X^Y^ + —XY--XY^ + -Y^7r^ + -X 
18 12 12 8 72 12 8 9 

1673 „ 2 109 4 23213 5 ,,9 55 9 7 ,,0 31 ,,2 1 

H F - 277^ TT* 1 X^Y-\ Yw^ + -X^ X^ --X^\ 

432 1440 5184 12 72 9 12 8 ^ 

-ix + i ( -3Li3(a;) -3Li3(y) -3Li2(x) + lx^ -^X -^X^Y +Iy 
\ u s \ bill 

6 3 3 6 2 j 

('\ 7 5 ^ 

Li3(x) -3Li3(y) + -Li2(x) +yLi2(x) +3yLi2(2/) + - C3 - - X^ - _ - - y^ 

409 13 1 9 5 9 3 9 3 9 9 9 1 9\ 

+ ^ + +-Ytj:^ -—Xtt^ --X^ --Y^ + 2X^Y + 'iXY --X + -XY^\ 
432 8 4 12 2 4 8 2 j 

+J(|-3Li3(x)-3Li3(2/)-^X2 + ix3-ixy2-^7r2-X2y+iy7r2 

+ iy3 + lx7r2-^y2 + ^Xyjj (A.46) 

BfY++ = 5 |^2Li4(a;) + 2Li4(?/) + ^Li3(a;)-XLi3(a;) + ^Li3(y)-2yLi3(y) + XLi3(y) 

- ^ X Li2 (x) + 2 X y Li2 {x)+XY Lis (y) + F^ Lis {y) -^Y Lis (y) - ^ X^ tt^ - ^ X y^ 

_l^x2y + -xy3-ly2 7r2 + — xy--xy^2 -^TT^-— x^ + lx^ 

24 3 8 18 12 9 36 24 
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25,, 2 31^3 127 2 31 4 5 ^2 ..2 l.M 127 ,,2 55 \ 

H y TT^ H tT + -X^Y^ Y^ ^ Y^ \ 

72 36 36 180 4 8 m 72 j 

( 2 1 

+ I 3 Li4 [x) - 4 Li4 (?/) + 4 Li4 (2) + 3 X Li3 (a;) - - Lis {x)-bY Lig {x) - - Lis {v) 

+5 X Lis ( J/) - 2 y Lis ( y) + 8 X r Li2 - TT^ Li2 (x) - ^ ^2 Li2 (x) + ^ X Li2 + 2 X y Li2 {v) 

+2 y2 Li2 (y) + ^ y Li2 (y) - 5 X Cs + ^ Cs + 5 y Cs - ^ - ^ X y TT^ - ^ X TT^ 

83 ,,2 4^2.. 653 ^,, 1,. 5 o 103 ,0 31 2.^2 26^ 49,, 

— y2 + -x2y + — xy + — y^ + -xy^H y^n — x^y^ -\- — x ^ — y 

9 3 72 24 4 36 8 3 6 

1 ,,2 2 53 4 30659 1 ,,3,, 751 . 61,,,,, 49,, „ „n\ 1 i ,,2 

— y2 x^y — xy2 + — y 77^-2 x^ x^ 

24 480 1296 4 144 12 18 J 2 u 

+ J ^4 Li4 (:c) + 4 Li4 (y ) + 4 Lis (a;) - 2 X Lis (x) + 2 X Lis (y) - 4 y Lis (y ) + 4 Lis (y ) 

-4 X Li2 (a;) + 4 X y Li2 (a;) + 2 X y Li2 (y ) - 4 y Li2 (y ) + 2 y2 Li2 (y) - 6 X Y^ 

AxY7r'--Y^ + -XY^--Y^w^--X^7r^--X^Y+-X7r^--X^ 
6 43 4 4 6 36 36 

+ ^ x4+^x2y2+llx3 59^,59 71 2 31 4 44 2 53 ^s 

+ 12^ +2^ ^ "y^ + ¥^"T8'' "90'' "Y^ +18^ 

+^xy + gy.^'| 

36 36 J 

+i7T{ --X 

V " 

(1 25 
- 2 Lis (a;) + 3 Lis (y ) + X Li2 (a;) - 2 y Lis (a;) + - Lis (ar) - 4 y Li2 (y) - — X y 

+ ^X + -X3-Xy2 + -y7r2 + -y2 + Ay3^ 5 2 13 _ 5 2y ;^2 
72 12 12 2 12 4 6 2 

+ J 1^ - 2 Lis (a;) - 2 Lis (y) + 2 X Lis (a;) + 2 y Lis (y) - ^ y - 6 X y + ^ X^ 

+ ^7r2+X7r2 + 2Xy2+3y2 + -X + 3X2-X2y-iy3 ) 

2 4 / 

+ J 1^ - Lis(x) - Lis(y) + XLis(x) + y Lis(y) + ^^^ + ^Y' + ix^ - ^Y^ + ^X' 

+xy2 + ^Xtt^ - ix^y - ^xyj j (A.47) 
.2 / 1 

C^'jfl = ^ hLi4(x) + 2Li4(y) + -Li4(z) + Lis(a;)-XLi3(x)+Li3(y)-2yLi3(y)+XLis(y) 
-X Lis (ar) + J X^ Lis (a;) + X y Lis {x) - ^ tt^ Lis (a;) + ^ X y Lis (y ) - y Lis (y ) 
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4 4 24 8 6 6 24 

8 6 20 8 24 24 / 

+ ^Li4 (x) + 3 Li4 (^) - 3 y Lis (a;) + 2 X Lis (a;) + 3 X Lis (?/) - 3 y Lis (y) + 4 X F Li2 (a;) 
TT^ Li2(a;) - Li2(a;) + ^Y^ Li^iy) + X y Li^ly) + ^ Ca - 3 X Cs + ^ tt^ + 1 y^ 

+ 1 y2 ^2 ^ 3 ^^2 _ 1 y _ j^y ^2 ^ y ^2 ^ 4 j^y _ 3 ^ 11 y2 ^ 93 ^ 

71 2 17 4 511 25 3 ,^3\ 1 t ^2 

— y^ + - y'^ H x^ 

48 180 64 8 4 j 2u 

+ ^ ^4Li4(x) +4Li4(y) +Li4(^) + i Lis(a;) - 2XLi3(x) + 2XLis(2/) - 4y Li3(2/) 

+ ^ Lis (y) + \x^ Li2 (x) + 2 X y Li2 (x) - i tt^ Li2 (x) - i X Li2 (x) - i F Lis {y) 
+XYU,{y) + lY'U,{y) + lc, - ^Xn' - ^Y' -^XY' - ^XYn' + \X'Y 

+ + Jx2y2 + Jy3 + lxy3-3X + 3y-^7r'-^7r^ + Jxy 

-l^X^TT^ + ^Yn' + lx'^-xA 
12 3 6 i 

(5 ( " ^'^^^^ " ^'^^^^ + X Li2(x) + y Li2(y) + ^ TT^ - ^ X y + i X TT^ 

+ - I - 2 Lis(x) - 2 Li3(y) + 2 X Li2(x) + 2 y Li2(y) + ^ X tt^ + + | tt^ + 1 y 
s \ 3 6 4 

+ -X^ + XY'^ + Y^ --X + -YTr^ -2Xy] 
3 4 3 I 

+ '-X 
u 

+ 1^ - Lis (x) + X Li2 (x) - y Li2 (x) - y Li2 (y) - 3 Ca + 4 X + TT^ - ^ y + ^ X TT^ 
-Ix'Y+^Yn' + ^-^XY'-SXY+lY^Jj (A.48) 

= S ("^X^ + ly^-lya- J^y^2+1^2y+4^2_ l;^3_l;^^2_8^y^ 



18 18 6 9 9 9 

+ i( -lx^ + -X^--XY+-Y^ + -X+-X^Y--Yn^--Y--Y^ 
s\^9 18 9 18 9 3 9 9 9 

2 , 11 2\ 

-g^'^ +18^^ 
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+ [I Li3(.) + i Li3(.) 4 X Li.(.) - 1 y L,(,) + 1 Cs + 1 - r - I X 

^^XF+^V^ ^xy^+ll 2 5 3 1 265 455 1 3 5 A 

_29^ 685 _l^^,_2^ ll^_1^3^65 1^ A 
12 162 6 9 12 9 72 6 j 

+ 4 ( Ix2 + ly2_ 1 1 1^2y 4 1 3_ 1 8 \ 

s2 9 18 18 6 9 9 9 9 j 

t/2o7ol0 13 n8 In InS lo 

+ - --X^ + —X^ -—XY + —Y^ + -X + -X^Y --Ytt^ --Y --Y^ 
sl9 18 9 18 9 3 9 9 9 



--Xtt^ H ■ 

9 18 



^i.^-\u.i.) + \x^-\xY-'lx-^ (A.50) 

Ff]:tl= (A.51) 
++++ \ 27 9 81 ] ^ ' 



A.5 q{p2,+) + Q{pu+) ^ Q{pz,+) + qipi,+) 

4++++ = 5 (^U^{z)-YU^{x)+XUi{x)-YU:,{y)+Xhh{y)--^X^U2{x)+XYhh{x) 

-^x.^ + ly^-^x3 + lx^ + l^x^ + i^y^-^y3'| 

72 48 72 16 9 9 72 ^ 

Li3(^) - ^ Li3(y) + ^ ^ Li2(^) + ^ ^Li2(y) + ^C3 - y^y + xy^ 

3 n 1 , 1 32 32 43 o 1 , 1 1 ^ 
— X^Y + -X^ - - Y'^ + —X Y + 2Y^ + —T^^ + - Xt^^ + - X^ Y tt^ \ 

4 6 4 9 9 36 3 3 12 j 

+ ^ - i Li4(z) + ^ Li3(x) + ^ Li3(y) + ^ ^2 Li^(^) ^ X y Li2(x) -^X^ U^ix) 

A 1 „ 1 4 1 73 3 

--X hh{x) + - y2 Li2(2/) + -XYhh{y)--Y U^iy) + 2 X C3 + ^ C3 + 2 ^ C3 

47 4 23213 17 2 15,, 2 1 ^..3 227 ^ 55,, l^^s,. 1 ,.2 2 

■ TT^H \ — Yti^ xy^H X y — x3y + -y^7r^ 



1440 5184 12 16 12 144 9 4 
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24 6 9 24 8 24 16 

"72^ +48^ "8^ J 

^ 409 11 2\ 

+- 2^3 + 432 -48^ (A.52) 



d(2),[1] _ _ 5 W ^2 

^«++++ - 2 f 



+ - ( 6 Li4 (x) + 6 Li4 (y) + 6 Li4 (z) - 6 r Li3 (x) + ^ Lis (x) - ^ Li3 (y ) - 6 r Lis (y ) 

+ ^Xy + Xy2_1^4^3^2y^ll^^2_2^y3^1y4_5^3^17^2 
_2y2_ 2^3] 

^2 / 11 

+ ^ I 8Li4(x) + 8Li4(y) + y Li4(2) - 5^ Li3(x) + Li3(x) - 2XLi3(x) + Li3(?/) 

-7 r Li3 (y) - 2 X F Li2 (x) - X Li^ (x) - tt^ Lia (x) + ^X^ Li^ (x) - F Li^ (y) 

-IXYUM + ly^Li2(,) - - 5XF3 _ _ 1 ^2,2 ^ 17 y,2 _ 1 ^2,2 

-llx^Y^ + -XYn^ + -X^Y + -XY --XY^ + -X7r' --X^Y+-Y^ 

4 4 12 9 24 72 2 48 

72 16 9 9 36 y 

+ || - 2 Li4(x) - 2 Li4(y) - ^ Li4(^) + 2 y Li3(x) - X L^ix) - ^ Li3(x) - 3 X Lkiy) 

- y Li3 (y ) + 4 y Li3 (j/) + ^ TT^ Li2 (x) + y X Li2 (x) + ^ X2 Li2 (x) - 5 X F Li2 (x) 

77 7 7 217 41 

+ - y Li2 (y) - ^ y' Li2(y) - - X y Li2 (y) + - X C3 + ^ C3 - 3 y C3 - y y 

271 4 30659 725 2 1 ^2 2 7 „ 2 19 2 271 ^ 

-1440^ +1^-144'^ +4^ +12^^-^ ^ + 12^^^ 

+ ^XY+-XY^ + -Xn''--X^Y--Y7r^ + -XY^--X^Y^ + -Y^ 
36 8 48 6 18 4 4 48 

+ ^X3-lx^-12^X^ + lly2_47^3) 
72 16 72 9 36 y 

+in(^^(^-7 Li3(x) - 7 Li3(y) + X Li2(x) + y Li2(y) + ^ y + ^ tt^ + 1 y tt^ 

+^x2 + ^y2 + Iy3 + lx7r2-^xy-3xy2j -5|y 

+ - ( -6Li3(x)-6Li3(y)-6Li2(x)-3Xy2-ix2 + y7r2-ix + ixy 

5 \ 4 4 2 
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a 



(oq 1 07c; 1 K 

Lisix) + Lisiy) - XU2{x) - - U2{x) - Y U^iy) + 2^^^ + -54 8^' ~ 2^ 

+ ^Y^-—n^--XY-XY^-—Y^ + —Y+-X7T^--YnA] (A.53) 
6 144 4 8 36 2 ^ ) ) 

= ^ 1^ - 2 Li3(x) - 2 Li3(2/) + 2 X U2{x) + 2 F Li2(2/) - 6 Cs - y tt" - 6 X + 6 F + ^ X 

+ iy3^33 1 2 ^ 2 2^ 2_ 15^2 3 3 _ 9 2\ 

3 4 2 12 3 4 4 2 j 

e ( 

+ ^ I - 6 Li4 (x) - 6 Li4 (y ) - 6 Li4 (z) + 2 y Li3 (x) - 3 Lis (x) + X Lis (x) - 5 X Lis (y) 

-3 Lis (?/) + 8 F Lis (?/) + ^ X F Li2 (ar) + tt^ Lis (x) + 3 X Lis (a;) - Lis (x) + ^ X F Lia (y ) 

+3FLi2(y)-2F2Li2(2;) + ixF3--7r2 + — X2 7r2 + — 7r4 + — f2^2 ^2^2 

r g 2 24 24 24 

+ \xYt,^--X''Y + QXY--XY^-—Xtt'' + —X^Y+-Ytt^--Y^ 

+ ^6 Li4 {x) - 2 Li4 (y) + 10 Li4 (0) - 6 F Lis (a;) + 3 X Lis {x) + Lis (a;) + Lis (y) - 4 F Lis (y) 

+9 X Lis (y ) - y TT^ Li2 (x) + y X F Li2 (x) - X Lia (a;) - X^ Lia {x) -Y U2 {y) 

9,,,.,..x . . 39, 247 4 511 269 , 5 , o o 

+ -XFLi2(y)-7XCs+4FCs-yC3+6F+-.^ + — .^--X^.^ 

_ix3F--F2 7r2 + -X2F2--XF7r2 + -X + -XF + -XF2-Ix7r2 

3 24 2 3 16 4 8 8 

+ '^x^y-^Yt,^-Ixy^ + \y^-^^x^ + ^x^ + Ix^\ 

4 4 2 3 24 24 8 y 
+i7r I - I 3Lis(a;) +3Li3(y) - 3XLi2(a;) - 3FLi2(y) - ^ X^ - Ftt^ - § y2 



(St 



+ ^xF--X2F--7r2-iF3-ix7r2 I 
4 2 8 2 2 y 

+ - f-^XF+^X^ + ^F^ + ^X-^F + ^TT^^ -3^F 
s\2 4 4 4 4 4yt 

+ 1^ - 3 Lis (x) + 5 Lis (2/ ) + 3 X Li2 (x) - 2 F Li2 (x) - 7 F Li2 (2/) - 3 Cs - ^ 

4x.^ + i5 + ^F+¥F^-iF.^ + l^X-3XF^-^.^ + ^XF+iF3^ 
2 16 4 8 6 2 8 4 2 



(A.54) 
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n(2).[i] 



1 



^1 



t 



2 

2 /l 



9 



18 



6 



s2 1 9 9 9 ^ 9 ^ 9 9 18 18 6 



/I 1 1 1 '^7 1"^ 1 7 



1 



108 + 6^ ^ 



19 
36 



+i7r 



25 1 2 

1 77^ 

108 24 



(A.55) 



(2),[1] 
«++++ 



xy 



16 



■X' 



5 2 16 ^ 
9 9 



s2 I 3 9 9 



9^ 



2 2y^2_ 16^y^8^2 



- - - X TT^ 



(2 4 2 4 "iQ 9'^ 7 1 

3 Lis (.) + - Lis (.) - - X Li2 (.) - - F Li2 (.) - - Ca + ^ r - - X r - - x^ y 



.^x-ly.2 

108 9 



iy2_ 1^3 2^3_1 
9 9 9 24 



Xtt^ 



19 ^2 , 85 2 

A H TT 

18 72 



685\ 
162 ) 



f(2).[11 



■ / 2 ^ . , , 5 2 11 223 ,,2 

3Li2(.)-^.^-^y-^ + y^ 



iy2 , 

9 81 27 , 



(A.56) 
(A.57) 



4++++ = ^ -8Li4(a;)-8Li4(y)-5Li4(^) + 5yLis(a;)+2XLis(x) + -Lis(a;) + -Lis(y) 



+7 y Lis (y) + ^ TT^ Li2 (a:) - i X Li2 (x) - ^ X2 Li2 (x) - ^ y Li2 (y ) - ^ y 2 Li2 {y) - ^ tt^ 
40 2 8 24 8 4 4 6 



■Xtt^ 



x2y 



12 



7 

24 



3 u 
2 i 



■ y^ 



+ - I - 6 Li4 (a;) - 6 Li4 (y ) - 6 Li4 (2) + 6 y Lis {x) - 2 Lis (a;) + 4 Lis (y) + 6 y Lis (y ) 



+2XLi2(a;) + tt^ Li2(a.) - 4y Li2(y) - 5Cs - - ^ + ^ ^2 y + H y3 _ ^ ^ y2 



15 

T 



/ 25 
+ I - 2 Li4(a;) + 3 Li4 (y ) + Li4 (^) + 2 X Lis {x) - Lis {x) + X Lis (y) + y Lis (y) 



1 1 oc: fjfjc; 1 

-2 y Li3(y) + X Li2(a;) - - X^ Li2(a;) - - tt^ Li2(a;) - y y Li2(y) - _ Cs + - y Cs 
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9^^ 23213 31 2 223 ^ 409 ^ 23,^ 5 . 3,^2 2 3 ^2.^2 

— X Cs \ TT^ H 1^ X H y X'^Y TT^ + - X^Y^ 

2 ^ 5184 72 1440 432 9 12 4 8 

8 12 72 y 

+i7r ^3 1 y + J ^6 Lis (a;) + 6 Lis (2/) + 6 Li2 (:c) + i X y - r TT^ - i ^2 + I X - ^ y 

- — + — y 2 - y^ + 3 X I 
12 4 y 

(28 1 Q 1 673 

2 Lis (x) - Lis (y) - X Li2 (a;) + - Li2 (x) - y Li2 (x) - y Li2 (y ) - 4 Ca + y X - ^ 

+ iixy-1^2_l5.3^i;^^2_ 5^2_^2y_1^3_ 329 ^ 35^2_1^ 2^ 

4 18 12 4 8 12 72 8 12 , 



e /„. _ _^ , . 7 



^2 



7 Lis (a;) + 7Li3(y) - X Lis (a;) - y Li2(2/) - - y tt^ + - - - 



.2 



TT 



-ixTT^ + ^xy^-yS-^xyjj (A.58) 

= ^ (^4Li4(a;) + 4Li4(2/) + \ l.h{z) - 2XLis(ar) + \ l.h{x) + ^ Lis(y) -4YLk{y) 

+2 X Lis (j/) - ^ X Li2 (x) - i ^2 (.^) + i X y Li2 (x) + ^ Lis (•^;) - ^ ^ Lis (y) 

+-y2Li2(2/)-— 7r^ + — TT^ + lxy^ + ix^y-ly^TT^ + ix^y^-lx^TT^ 

4 144 36 12 4 24 2 24 

AxYn^-—XY+—XY^-—XTr^--X^Y--YTT^ + —Y''-—X'' 
4 18 12 18 4 9 16 36 

1 ^4 127 . 127 ,^2 25 ^ „A 
+ 48^ -36^ j 

+1 [l + ^ L^^(^) - ^ X Li2(x) - ^ y Li2(y) + ^ C3 - i r3 - y + 1 

21 , 17 o 1 ,2,7 9 1 o 32 20 32 \ 

+— y2 + — x2--xy2--y7r2 Xn^ x^ + — x xy y 

412 4 3 12 12 9 3 9 



+2|y2 

+ - 3XLis(x) + ^ Lis(x) + 2y Li3(x) - 4XLis(?/) + y Lis(y) + ^ Lis(y) 

+ ^ X2 Li2(x) - ^ XLi2(x) + ^ TT^ Li2(a;) - ^ Xy Li2(x) - ^ y Li2(?y) + ^ y^ Li2(y) 

29,^2 2 30659 23 ^,^ o 1 ^s^^ 337 ^^^ ^^^^2 2^ 2 1^2^^ 

^ - — — + — xy7r2 + -x^y-— xy--xy^--X7r^--x^y 

12 1296 12 3 72 2 3 6 
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(1 Q 11 

- Lis (a;) - 3Li3(y) + 2YU2{x) + -U2{x) + 6YU2{y) - -XY - — X + —Y 

^2^^ 3^2 49 1 ^2 5 ^,^2 5 ^3 13 509 ,^ 17 2^ 

+ J 1^ - 2 Li3(x) - 2 Li3(2/) +2XU2{x)+2YU2{y) + ^X^ + ^Yn^ + ^X Y^ 

+ ^l^' + ^^7r2 + ix2yj j (A.59) 

ci'H^i'j+ = ^ ^2Li4(x)+2Li4(y) + ^Li4(z)-yLi3(a;)+Li3(x)+Li3(y)-3rLi3(y)+2XLi3(y) 

c; 1 1 'SQ 

--TT^Li^lo;) -XLi2(a;) + -X^Li^Co;) + -F^Li2(2/) - - XFLi^Cy) - F Li^Cy) - — tt^ 

4 24 12 12 4 4 3 

-4Xy + - + 1 y4 ^ £ _ J_ ^ + 2y2 _ 1 y3 ] 
8 16 8 16 ey 

+ 1^-2 Li4(x) + Lu{y) - ^ Lu{z) + 2 Y Li^ix) - X L^ix) - i Li3(a;) -3X L^iy) 

1 19 1 1 

- - Lia (y ) + y Lis (y) + —tt^ U2 {x) + -X U2 {x) + -X^ U2 {x)-3XY U2 (x) 

+ iyLi2(y) + iy2Li2(y)-^XyLi2(y)+4XC3 + f Cs-FCs-Sy-^TT^-^ 

+ ^^2^ 1^2 2 l;^3y^ly2 2 5 2_ 45 15 3 2 

48 6 12 12 4 16 4 8 

+Ax7r2-ix2y + l|y7r2 + -^xy3-iix2y2- Ay4 5 1 ^4 5^2] 

24 4 12 12 4 48 24 48 8 ^ 

+ ^ Li3(x) + i Li3(y) - i X Li2(x) - i y Li2(y) + ^ C3 + ^ TT^ - 1 X TT^ - ^ X y 

+iX --X^ --Y^ + 2Y^ -3Y +-X^ --YttA +--Y^ 
6 6 4 4 J 2 t 

+17: (^^(^- Li3(^) - Li3(2/) + X Li2(a;) + y Li2(y) + ^ tt^ - ^ X y + 1 y^ + 1 y 

+!iy + !fixy + iy-1.2-ix-iy2-ix2^ 

f s \ 2 4 12 4 4 4j 
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+ \Lh{x) - 2 Li3(y) - X U2{x) + Y U2{x) + 3 Y Li2(t/) + 3 Cs + ^ ^ + ^ 

Ay^ + Ix^ + Ixtt^-^Y-IxY-Ix-^-IyA] (A.60) 
8 8 2 44 2 16 6// ^ ' 

D^^lfl. = f-iLi3(t/) + iyLi2(y) + -C3--X7r2 + ^X-Ay3_25 2 1^ 2 
U++++ 1 3 3vyy -r 3 2vy; -r srf 24 108 18 72 6 

455 11 ^ 2 265 ,^ 37 ,^2^ 

^-++++-;l^-2^ +9^"18'' "6^ -9^+3^^j 

i2 / 1 ,4,4,1.8 4,1.1 ,1 ,\ 

s2 ^9 9 9 9 9 9 18 18 6 J 

(1 2 1 2 47 1 1 1 

- 3 Li3(.) - 3 Li3(.) + -XU^ix) + -YU^iy) + -Cs + -X^ - -Y^ + -Y 

+lx^F + lxy-lF^ + ^-l^x^ + lx-H.2^i^,._55 \ 

6 18 18 162 36 36 24 6 36 y 



A.6 qip2, +) + -) ^ Q(P3, -) + qiPA, +) 



^2 / 1 

+ ^ -3Li4(a;)-3Li4(y)-3Li4(^) + 3yLi3(y)-3XLi3(y) + -7r2Li2(a;)+3XC3 

-SYCs + IxY^ + I-tt^-^X^Y^ + ^Y^tt^+XyA 
2 30 4 4 J 

+ 1 1^ - 3 Li4 (a;) - 3 Li4 (?/) - 3 Li4 (2) - 3 Li3 (a;) - 3 X Li3 (2/) + 3 y Li3 (y) - 3 Lis (y) 

+3 X Li2 (x) + i Li2 (x) + 3 y Li2 (y) - 3 y Cs + 3 X C3 + ^ ^2 y - ^ x2 y2 + i X y3 
-i.2 + ix.2 + iy3 + l.^ + iyV2 + y.2 + xy.2^ 

+ Ihuiz) +XUs{x) + ^ Li3(a;) - y 03(2;) +XUs{y) - YUs{y) + ^ Li3(y) 
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- ^ X2 Li2 (x) - ^ X Li2 (x) - i TT^ Li2 (x) + 2 X y Li2 (x) - ^ y Li2 (y) + i Li2 (y) 
zoo 2 

3,,, , 65, 95,, 7 2 113 4 23 ,, 1 o 

+Xy Li2(y) + - YC3 + 2XC3-\ Cs X + -7r2H tt^ y H tt^ 

2\y) -r 2 -r S3 -r ^2 ''^ 43 ^2 1440 9 12 

1 2 9 23213 2 9 1 , 125 5 , 31 o 4 ^ 

+ - y2 TT^ + XYtt^ --X-^Y XY XY^ Xtt^ + -X^Y 

4 5184 3 2 18 12 18 3 

^'-^y.^-Ixy^ + '-x^y^ + Iy^-'1x^ + ^x^ + '-^x^ + '1y^-'-yA 

144 2 4 6 36 12 9 12 9 y 

. /? , 409 11 2\ 
+^^(2^^+432-48'^ j (^-^^^ 

( 4 Li4 (x) + 2 Li4 (y ) + 4 Li4 (^) + 2 y Lis (x) - 2 y Lis (y) + 5 X Lis {v) - Lis (y) 

- ^ X y Li2 (x) - i TT^ Li2 (x) - y 2 Li2 (y ) + y Li2 (y ) - i X y Li2 (y) - 5 X Cs + Ca 

+2yc3--y' + -r2 + ixy2 + ix2y2-^xy3--xy7r2--y2 7r2 

36 18 8 2 6 12 24 

+^(-Iy^-Ix^ + 7xy-I.^) 

+ ^ 1^2 Li4 (x) - 2 Li4 (y) + 2 Li4 (^) + 4 y Lis (x) + 6 Lis {x) + 4 Lis (y) + 4 X Lis (y ) 

+2 y Lis (y ) - 3 X y Li2 (x) + ^ TT^ Li2 (x) - 6 X Li2 (x) - 2 y 2 Li2 (y) - 4 y Li2 (y ) 
-XyLi2(y)-2Cs-2yC3-4XCs-|7r^ + ^^^ + yy-3X2y-||y^2 

_lx2y2-i^y2 2_ 7 2_ 2 3 1 5 2 65 2 _ 19y3\ 

2 12 6 3 4 618 9^ 

(11 22 
- 3 Li4 (z) + 3 y Lis (x) - y Lis (x) - 3 X Lis (x) + 3 y Lis (y ) - — Lis (y ) - 3 X Lis (y ) 

11 1 3 22 3 

+ y X Li2 (x) + - TT^ Li2 (x) + - X2 Li2 (x) - 7 X y Li2 (x) + y y Li2 (y) - - y2 Li2 (y ) 

o... 179, 7,,, 30659 1469 . 49,, 26,, 3,,.,, 

-4 X y Lia y) - 3 y C3 + - X + tt^ X y + - X'^ y 

72 2 1296 144 54 3 2 

^'^^ - X^Y^ + - XY --Y^ T,-" + - XY + - XY^ + — Xn^ -- X^Y 



1440 2 3 4 9 3 144 6 

-ly.^ + xy^-iy^ + l^x^-ix^-^x^-i^y^'l 

6 8 36 4 72 2 y 



+ ^4 Lis (x) + 6 Lis {y)-2X Lis (a;) - 2 Lis (a;) - 2 F Lis (?/) - 6 Cs - ^ ^ tt^ - ^ y 2 

12 9 3 4 36 y 
+^ I 2 Lis (a;) + 3 ^3(2/) - Lis (a;) - XLi^ix) - YLi^iy) - SCs - j^Y + - ^ Y^ 

(A.65) 

Cl^li% = J ||l2Li4(x) + 12Li4(z)-12yLis(x)+2Li3(y)+6XLis(y)-8yLis(y)-47r2Lis(:c) 

+9XY Lis (a;) - 2 y Lis (y) + 2 Lis (y) + 3 X F Lis (y) + 8 y Ca - 2 Cs - 6 X Cs + 6 F 

+2XY^ -I-Xtt^ -^Yn^ + ^n^ + eX^Y^ -J-Y^7T^ -^XYn^-XY^ 
2 12 12 12 2 

+ ^ - 8 Li4 (y) + 4 Li4 (z) - 4 F Lis (x) + 4 X Lis (x) + 4 X Lis (y ) + 4 F Lis (y ) 

- y TT^ Lis (a;) - 2 Lis (a;) + 10 X F Lis (a;) - 2 F^ Lis (y ) + 6 X F Lis (y) + 4 F Cs 

-i^C3-7XC3-^.^ + i^X + M.. + ^_3^3^_4^y3^19^s^. 
4 48 16 45 64 2 3 2 

-Lx^7r^-—XY7r^--Y^7r^ + 5XY-2X7r^ + -X^Y--Y7r^ + -Y^--X^ 
12 6 6 2 2 6 4 

/ 9 
+ — 6 Li4 (a;) + 6 Li4 (^) - 6 F Lis (a;) - 4 F Lis (y ) + 3 Lis (y) + 3 X Lis (y) + - X F Lis (a;) 

-2 TT^ Lis(x) + ^ ^ ^ Lis(y) + F^ Lis(y) - 3 F Lis(y) - 3 X Cs - 3 Cs + 4 F Cs - ^ 1^ tt^ 

2 3 4 2 68 24 J 
+i7r || - 6 Lis (a;) - Lis (y) + 3 Lis (a;) + 3 X Lis (a;) - F Lis (a;) - 2 F Lis (y ) + Cs 

+}lY^ +3Y - XY^ + — Yw^ + - XY + -yA 
8 12 4 6 y 

+ 1 1^ - 12 Lis (a;) - 2 Lis (y) + 2 Lis (a;) + 6 X Lis (a;) - 2 F Lis (a;) - 4 F Lis (y) + 2 Cs 

+^f3 -2XF2+6+ ^F+^Ftt^ -^tt^ - ^X + 6XF + 2FM 

3 4 6 12 4 / 
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/ 1QQ q Q 

+ I 8Li3(2/) -2YU2{x) - 10FLi2(y) -SCs + SY + — -3XY^ - -X^ - -X^Y 

+^X-^y7r2-2X7r2-27r2 + 9XF^j (A.66) 

l_o 1 n llo 23 o 2 1-1 37 o 29o 1 o 

9 6 24 72 9 36 36 3 

1 ^..2 29 ^2 1.. 2 2 o 685 11 ^,, 109 2^ 

— X^Y + - XY^ -{ X^ Ytt^ X-^ XY -{ tt^ 

3 3 18 3 9 162 9 72 J 

u [2 2 4 ^ . 7 4 ^ „ 16 \ 

t\^9 9 9 9 9 J 

. (u( 20^^ 16 2^.\ u2 / 16^^ 1 .\ 

/ 1 3 1 

( - 3Li4(a;) + - Ui{y) - ZUi{z) - ZXUi{y) + Yhh{y) + - Li3(y) + - tt^ Li2(a;) 

+ly2Li2(y)-^rLi2(2/)-^C3 + 3XC3-yC3 + ir2 7r^ + |y7r2 + ir3-ly4 

4 2 3 36 180 y 

u ( 3 
+- ( -3Li4(a;) +4Li4(2/) -3Li4(^) -3Li3(a;) + -hh{y) -ZXhh{y) -YUs{y) 

1 13 32 

- J Lij (x) + 3 X Li2(i) + - Li2 (a) - - r Li2(!,) + 3 X C3 - <3 + y <3 - -J- y 
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+^XY--XY^ + -Xtt^--Y^--Y^ + -yA 
2 4 6 6 36 9^ 

(3 29 
- 4 Li4 {x) + Li4 (y ) + 2 Li4 (2:) + 4 X Lis (a;) + - Lis (x) - F Lis (a;) + — Lis (y) 

-Y Lis (2/) + X Lis (y) - ^ ^ Li2 (x) - ^ tt^ Lis (x) - (x) - ^Y^ Li^ (y) 

29,^^.,, 9^^ 305 ^ 1 409 ^ 151 2 23213 9 ^2 2 

5^Li2(y) XCs Cs + -^Cs ^ H h -X^tt^ 

g 2\yj 2 ''3 72 ^3^2 432 72 5184 8 

+ ^^4_ 5^2 2^23^_ 7^^^2_^^3^ 1^^_ 11^^2_1^ 2 

288 8 9 6 12 8 12 48 

A x^Y + — Y - — XY^ + - X^Y^ - — Y^ + - X^ -—Y^ + -yA 
4 144 12 8 24 4 12 9 ^ 

(/ in 1673 3 

I 3 Lis (x) - 2XLi2(x) + y Li2(x) - FLi2(a;) - 2FLi2(y) - 4C3 - ^ + 2 

AxY^-^X^-l-Xn'-^Y'' + ^TT'-^Y+^X + 2Y^-X^Y-^YnA 

2 12 12 12 72 72 8 ^ / 

+ ^ ^ - 4Lis(y) - r Li2(x) + ^ Li2(x) + 4(3 + ^Y - ^ - ^Y' - X Y' + ^Y^ 
+^ 1^ - 2 Li3(y) - ^ y Li2(a;) + ^ Li2(a;) + 2 Cs + J F tt^ + ^ X F 

+ Iy2_ly3_l;^y2_37 \\ 

6 6 2 18 y y ^ 

|^4Li4(a;) +4Li4(y) - 3Li4(^) + 2FLi3(a;) - 5XLi3(a;) + ^Lis(a;) - 2XLis(y) 

+1 Lis (y) - 3 y Lis (y) + ^ tt" Li2 (a;) - i X Li2 (a;) + ^ Li2 (x) - 2 X F Lia (a;) 

FLi2(y) + Iy' Li2(y) - Li2(y) + 2X + ^ - 2Y (s + ' 

30659 377 , 19 ,^2 2 7 ,,,,, 19 ,,2 2 5 ,,,, 2 13,, 437 ,,,, 

h TT^ X^TT^H X^Y-\ Y^7r^ + -XYTT^ X XY 

1296 48 24 12 8 3 6 72 

-^XY^--X^^^ + -X'Y+-Y7^^ + -XY^--X'Y^--Y^--X^ 

3 36 12 12 4 8 8 18 

+^x^ + '-I1x^-'-yA 

24 72 2 y 

+ ^(^- 2Li4(a;) - 2Li4(^) + 2^ Lis(x) - ^ Lis(y) - XLi3(y) + FLis(y) + 7r2Li2(a;) 

3 1 5 5 35 1 

- - X y Li2 (a;) - - X y Li2 (y) + - y Li2 (y) - y Cs + X Cs + 2 Cs + F TT^ + - X F3 

+ Hy3_^2y2^3 2 n 2 2_ 127 2^ lj^y2_l5.A 

36 4 24 36 8 24 i 



+ 4Li4(a;) - 4Li4(^) + 4y Li3(a;) - ALhiy) - 2XU3{y) + 2YUs{y) 

59 

-3XY U2{x) + 2 TT^ Li2{x) + 4y Li2(2/) - X F Li2(2/) + 4 C3 - 2 y Cs + 2 X Cs - y F 
18 2 36 4 12 2 

+i7r 1^ 1^ - 3 Lis (x) - 5 Li3 (y ) + i Li2 (a;) + 2 X Li2 (x) + 2 y Li2 (a;) + 8 y Li2 (y ) 

+^x^y + 3xy^ + ^x3 + lI.2 + Jx^-^y + ^x^^-Hy3_9^y_;^2 

49 17 2 31 \ 

-y + 12^^ -Y^) 

+^ ^4 Li3 ix)-2X Li2 (x) - 4 Li2 (x) + 2 y Li2 (x) + 4 y Li2 (y) - 6 X y - i y ^ - ^ X 

4^-^-?-I^^-l^>^ + 2xy^ + l.^') 

6 96 36 ^/ 

+^1^2 Li3(a;) - X Li2(a;) - ^ Li2(x) + y Li2(a;) + 2 y Li2(y) - ^ y tt^ + X y^ - ^ X y 

18 6 24 y y ^ ' 

Cl^li% = ^(^ - 2Li4(a;) + ^ Li4(y) - 2Li4(^) + 2y 03(2;) - Li3(y) -XUs{y) + y Li3(y) 

+1 TT^ Li2(a;) - ^ X y Li2(x) - i y^ Lhiy) - ^ X y Li2(y) + y Li2(y) + Ca - I' Cs + ^ Cs 

+Ixy2 + ly7r2-x2y2 + ly2;r2-— 7r^ + ixy3 + AxyTT^- — y4 

8 4 24 180 6 12 24 

+ i XY--7T^--Y^--xA 

sy 2 2 2 J 

+ ^3 Li4 (y) - Li4 (0) + y Li3 (x) - X Li3 (x) - X Li3 (y ) - 2 y Lis (y ) + ^ ^2 Li2 (x) 

+i X2 Li2(x) - 3 X y Li2(x) + y2 Li2(y) - 2 X y Li2(y) - y Ca + ^ Cs + 4X Ca + ^ tt^ 

-^X-Z^^'-'^ + l^'Y+j-XY^-SX^Y^ + lx^n'+XYn^ + ^Y^n'' 
lb 12u o4 2 2 D 12 

-3xy + ix7r2-|x2y + |y7r2-i-y4 + ^x3-i-x^ + |x2-ly2 ) 

2 2 2 24 4 12 8 2/ 



-57- 



II 1 
+ - I - 4Li4(a;) +Li4(y) -4Li4(^) + 4yLi3(a;) - -l^hiv) - 2XLi3(?/) + 2^^3(2/) 

-3 X y Li2 (a;) + ^ TT^ Li2 (x) - i (y) + i y Lis {y) - XY (y) + Cs - 2 F Ca 

+^xy7r2 + ixy3 + ixy-ly4-y2 + iy3j 

/^,2 / 1 11 

+Z7r I ^ I 2 Li3 (x) - X Li2 (x) + - y Li2 (x) - Li2 (x) + y Li2 (y ) + - X y 2 - - y TT^ 
8 ^ / 

(1 V 1 

4 Li3 (x) - 2 X Li2 {x) + Y Li2 (a;) - - Li2 (a;) + 2 y Li2 (y) - - y + X y 2 + - X 

-^y7r2-2xy-3-iy2 1 

3 2 y 

+ ^ - 3 Li3 (y) + y Li2 (x) + 4 y Li2 (y) + 3 Cs + ^ TT^ + ^ X y2 - 3 X y + i y TT^ 

+ix2y--x- — + -X7r2 + -x2-4y ] ] (A.72) 

2 4 16 3 4 

(2),[2] _ !^ flyZ, ly3_iy^2\ 

M / 7 ^^2 2 ^ . 2 ^ . 1 2 8 \ 

H — — y^ — — yTT^ — 7r^ + -y 
t \^i8 9 9 9 9 y 

+ ( _iLi3(y) + iyLi2(y) + -C3--X7r2 + — X--y3--7r2 + ixy2 
-r ^ 3 •^'^''^^3 ^^^''^36^ 24 108 18 72 6 

455 11 , 2 265 ,, 37,o\ 

H YtP' y H — y2 

108 72 108 36 j 

= - i Li3 (x) - ^ Li3(y) + 1 X Li2(x) + ^ y Li2 (y) + | Cs - 1 + 1 x^ y 
685 1 , 2 29 ,, 1 3 11,,,, 2„ 2 1 ^,.2 17 2 H 

H h -yTT^ y + - x^ + — xy + -Xtt^ — xy^ ^ — x 

162 6 12 9 18 9 6 24 12 ^ 

W / 7 „2 2 „3 2 „ 2 1 2 8 „\ 

H — — y^ Y^ Ytk^ '7r^ + -y 

t I 18 9 9 9 9 ) 
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9 



u 1 ^2 8 10^^^ 

+ - 1 Y 

t \ 3 9 9 , 



/ It - / ^ 1.^2 11,^ 11 1 2 



f(2),[2] _ 



!5 + Hy 

81 27 , 



(A.74) 
(A.75) 



A.7 q{p2, +) + Q(pi,+) q(p3, +) + Q{P4, +) 

The coefficients for this amphtude are obtained by exchanging t and u in the coefficients for q{p2, +) + 
Q{Pi,+) ^ Q{P3,+) + q{P4,+), 

etc. 

A.8 g(p2, +) + Qipi, -) ^ q{p3, +) + Q(P4, -) 

The coefficients for this amphtude are obtained by exchanging t and u in the coefficients for q{p2, +) + 
Q{Pi, -) Q{P3, -) + q{P4, +), 

4n-=4?'i^U(^--) (A.79) 

etc. 
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B. Finite one- loop contributions 

In this appendix we list the coefficients A, . . . , C for the finite one-loop amplitudes defined in Section 4.3 
for the four quark scattering processes of Eqs. (4.13)-(4.15). . 

B.l qip2, +) + q{pi, -) ^ Q(P3, +) + QiP4, -) 



e t 



Cn^^l=-U^-\ (B.3) 

^+-+- \^ 18 2 2 y 

+iTri^-Y-^ (B.4) 



B.2 q{p2, +) + q{pi, -) ^ Qfe, -) + Q(P4, +) 



^+~+ I 2 2 18 



+«7r ( ^ + X 1 (B.7) 



3 



Bfl'[% = [2,X + -Y^ -X^ -2Y + a\+-^Y^ + -Y 

+i7r ^^y + ^+ ^-2X + y + lj j (B.8) 
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Ciiyi+ = |+^T (B.12) 



9 3 

B.3 q{p2, +) + Q{pi, -) ^ q{p3, +) + Q(P4, - 



t / 1 „ 1 „'>\ 1 „o / 1 „o 13 



+Z7r + - -2X-1 + -2X-3 (B.14) 



+ (B.16) 



5 1 



B.4 g(p2, +) + +) ^ g(P3, +) + 0(P4, +) 
1^2^ +18"3^J 

+^7r(x+^J (B.19) 



1 r „o t / 1 „ 1 „o \ / 1 
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= ^( -XY + ^X'^ + ^Y'^ + ^7rA + U -2XY + X + X'^ -Y + Y'^ + 7t'^ 



+ -2XY + Y^ + Tr'^ + A-3Y 



a 



t++++ 



+iTr 



2X -3 



9 3 



(B.20) 
(B.21) 



4(l).[2] 



t 1 1 9 1 loin 

- { XY - -X - -X^ + - Y - - Y^ ~ -TT^ 
s\ 2 2 2 2 2 



s2 I 2 4 4 4 



l2 2 2 2 3 18 



(B.22) 



(1),[2] 
t++++ 



1 



1 



— -XY - -X^ - - Y'' - --K^ 
§2 I 2 4 4 4 



■ TT 



+ 



-y2 + xy + -y-4--7r2 



+i7r X + 



^t++++ — 



(B.23) 
(B.24) 



B.5 q{p2, +) + Q{pi,+) ^ Q(P3, +) + q{P4, +) 



8^2 2 j s^y 2 4 4 4 j 



S 



+ (xy + ^y2 + 2x-^7r2-ix2 + 4 + y 



) 
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^2y + 3^ (B.26) 
C«i'l,= f-^ + iy^ (B.27) 



9 3 



U++++ 1 18 2 3 



>(1),[2] 



+iT,y-Y-^ (B.28) 
+i7r|^-F-^j (B.29) 



B.6 g(p2, +) + -) ^ Q(P3, -) + g(p4, +) 



aTU = (-\y+\y'-xyA-'-lx+'^oAx'\ (b-3i) 



= ^^y^ + ^iF + y^j + [2XY -T^' + ^x + A-x' 



3 2 2 2 18 2 



1 li^,n It 



^2 
t2 



y + ^ ^2F + 1^ + ^2y + 3^^ (B.32) 
C«^i,= (-i + iy) (B.33) 

-(-^^-( — — ^)) 
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, = ( - ± y + ;i ) (B.36) 



B.7 q{p2, +) + Q{pi,+) ^ q{p3, +) + Q{p4, +) 

The coefficients for tfiis amplitude are obtained by exchanging t and u in the coefficients for q{p2, +) + 
Q{pi,+) ^ Q(P3,+) + q(p4,+), 

4+i++ = 4'iiU(i-^) (B.37) 
4+?l+ = 4'-ifl+(i-«) (B.38) 

B.8 g(p2, +) + Qipi, -) ^ qip3, +) + Q(P4, -) 

The coefficients for this amphtude are obtained by exchanging t and u in the coefficients for q{p2, +) + 
Q{Pi, -) Q{P3, -) + q{P4, +), 

etc. 
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